Problem Set PS03
IssueED: 9/13/01 Due: 9/20/01

Prof. Darin J. Ulness Name

Instructions. Complete all questions before class on the due date. You are encouraged
to work together. Be sure to struggle with the problem before seeking help. Many of the
exercises are very similar to problems in the book. Understanding the solution to these
problems will be helpful in completing the assigned exercises.

Mathematical Exercises

1. A set of functions, {f,(z)} is said to be orthogonal over the interval a < z < b if
[2 f5(x) fn(z)dz = 0 when m # n. Show that the set of functions {cos[nmz]} are
orthogonal over the interval —1 < x < 1.

2. A set of set functions is said to be orthonormal over the interval a < x < b if they
are both orthogonal and normalized. Is the set of functions in the previous problem
orthonormal?

3. Convince yourself that the set of tunneling wavefunctions from problem 14 of PS02 are
not orthogonal over the range 0 < x < oo.

Exercises

4. Exotic macrostructures of carbon, of which bucky balls are the most famous, have
received much attention lately—even resulting in the 1996 Nobel prize for there dis-
coverers, R.F. Curl Jr. and R.E. Smalley of Rice University and H-W. Kroto of The
University of Sussex. Certain forms of these carbon macromolecules are tube-like
structures called nanotubes (see figure).
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Calculate the energy level diagram for an electron in a 125 A nanotube assuming a 1D
particle in a box model.



5. Evaluate (p,) <T > for a particle in states 1, 1, and 15 of a particle in a box. Does
<T> = ﬁ <ﬁw)2 as might be expected from the usual relation between momentum and
kinetic energy? Explain why or why not.

6. When talking about the harmonic oscillator one often defines two operators called the
lowering and raising operators, @ and a' respectively. These are defined in terms of the
position and momentum operators as

i= @<;@+i—ﬁ> (1)

at= [T (5 5
“= 2h<x mw>' 2)

These operators get their names because when the lowering (raising) operator acts on
a wavefunction in state n, the result is to lower (raise) the state ton — 1 (n + 1).

and

(a) By adding or subtracting the above equations, show that the position operator

can be written as

&= 43:; (a+af), (3)

and the momentum operator can be written as

p=T 22:” (a—af).

(b) The Hamiltonian operator for the harmonic oscillator is
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By substituting in Eqgs. (3) and (4) into Eq. (5), show that the Hamiltonian can
be written in terms of the lowering and raising operators as

. 1

B = hw (a*a 4 5) . (6)
Remember that you are working with operators that do not commute. In fact
your will need to use [d, dq = aa' — a'a = 1 in your derivation.

7. In the previous problem we learned about the lowering and raising operators. We
said that the lowering operator reduces the quantum number and the raising operator
increases the quantum number. To be more explicit,

&¢n = \//ﬁ,[vbnfl (7)

and

&T¢n =vn+ 1¢n+1‘ (8)



8.

(a) Are the harmonic oscillator wavefunctions eigenfunctions of the lowering and rais-
ing operators? If so, what are the eigenvalues?

(b) The so-called number operator is defined as N = afa. What is N1/, ? Are the
harmonic oscillator wavefunctions eigenfunctions of the number operator? If so,
what are the eigenvalues? Why do you suppose NN is called the number operator?

(c) Using your last result, Eq. (6) from the previous problem and the Schrodinger
equation. Derive the expression for the energy levels of the harmonic oscillator.
That is, Derive E,, = hw(n+1/2) very quickly using the form of the Hamiltonian
given in Eq. (6).
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Show [d, &T} =aa' — a'a = 1 by evaluating [d, dq (%

Conceptual Problems

9.

10.

11.

12.

13.

14.

15.
16.

A certain particle in a box system scales such that mass is inversely proportional to the
length of the box (e.g., if the length doubles the mass halves). How does the energy
level spacing scale for this system? Note: length and mass have this relation only
for the special system in this problem; in general length and mass are independent
parameters for the particle in a box.

A harmonic oscillator system scales such that mass is proportional to the force constant
of the oscillator (e.g., if the force constant doubles the mass doubles) How does the
energy level spacing scale for this system? Note: force constant and mass have this
relation only for the special system in this problem; in general force constant and mass
are independent parameters for the harmonic oscillator.
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Treating as a particle in a box, draw the energy level diagram filled

with the appropriate number of electrons.

Order of the following molecules with respect to what you would predict for their UV-
visible absorbance spectrum from ‘reddest’ to ‘bluest’: benzene, anthracene, naphtha-
lene and trans-stilbene, yellow #5. Explain.

Order of the following molecules with respect to what you would predict for their IR
absorbance spectrum for the HC=X stretch from ‘reddest’ to ‘bluest’: HC=N, HC=P,
HC=As, HC=Sb. Explain

Sketch, on the same graph, the n = 2 harmonic oscillator wavefunction for a case when
the mass is large and a case when the mass is small (assuming the force constant stays
the same). Use the curvature of the wavefunction to predict which state is higher in
energy.

How do the spectra of a particle in a box and a harmonic oscillator compare?

Is the zero point energy an artifact of our choice of £ = 0. That is, can we simply
define our zero of energy such that the zero point energy vanishes? Explain.



17. Consider the biharmonic well,

. k1$2 z <0
v ={ i 750

where k1 > ko. Qualitatively sketch this potential, the energy levels and the wave-
functions for this system? How does the spectrum compare with a simple harmonic
oscillator with force constant ko7

Computer Problems

18. Use MATHEMATICA to convince yourself through a number of examples that the Her-
mite polynomials are orthogonal over the interval x = —oo to = oo with respect to
weight function e~*°. That is, test

/OO H,(z)Hp(z)e " dz =0

—00

for m # n on few examples.

Reflective Exercises
19. Is all the work required to become a chemistry major worth it for you?

20. Up to this point in your career, what area of chemistry do you find the most interesting.
Do you think that you might enjoy a career in that area of chemistry. (If you can’t come
up with an answer to this question, is your answer to the previous question “no”?)



