
Problem Set PS02
Issued: 9/6/01 Due: 9/13/01

Prof. Darin J. Ulness Name

Instructions. Complete all questions before class on the due date. You are encouraged
to work together. Be sure to struggle with the problem before seeking help. Many of the
exercises are very similar to problems in the book. Understanding the solution to these
problems will be helpful in completing the assigned exercises.

Mathematical Exercises

1. The zeros of functions are important points. The zeros of wavefunctions are called
nodes which you have probably heard about in freshman chemistry.

(a) Find the values of an such that f(x) = e−x sin anx has zeros at x = 0 and x = L.

(b) How many zeros does the function f(x) = (x2 − 1)e− 1
2
x2 have? Where are they?

(c) Find the value of an such that f(x) = (x2 − an)e−1
2
x2 has zeros at x = −2 and

x = 2. How about at x = −L and and x = L.

2. Verify by direct substitution that

y1 = A sin kx,

y2 = B cos kx,

y3 = Ceikx,

and
y4 = De

−ikx,

are solutions of
d2y

dx2
+ k2y = 0, (1)

where k is a positive real constant.

3. Equation (1) above is called a second order ordinary differential equation (O.D.E.) and
the theory of O.D.E.’s states that there are n and only n independent solutions for
any nth order O.D.E. Here n = 2, so we expect two independent solutions. Therefore
y1, y2, y3 and y4 can not all be independent. Show that y1 and y2 can be written in
terms of y3 and y4. (Hint: remember Euler’s identity.)

4. Verify by direct substitution that any linear combination of the independent solutions
of Eq. (1), Y = αy1+βy2, is also a solution of Eq. (1). (Note: α and β are constants).



Exercises

5. Suppose some crazy operator, Ôxp is defined using the position operator x̂ = x and the
p̂x = −ih̄ ∂

∂x
such that Ôxp ≡ x̂p̂x.Which of the follow wavefunctions are eigenfunctions

of Ôxp. That is, for which of the following is Ôxpψ(x) = λψ(x), where the eigenvalue,
λ, is a number and not a function of x (give the eigenvalues when appropriate). .

(a) ψ(x) = ex

(b) ψ(x) = xe−αx

(c) ψ(x) = kx2

6. Suppose a different operator from the one in the previous problem is defined as Ôpx ≡
p̂xx̂. Does Ôpxψ(x) = Ôxpψ(x) for any of the wavefunction is the previous problem?
Guess first then work your answers. Did you guess correctly?

7. The wavefunction that describes a tunneling electron in the “forbidden” region (0 <
x < L) is of the form ψ(x) = e−αx, where α is a positive constant which is proportional
to the energy difference between the potential energy of the forbidden region and the
energy of the electron. What are the units for α? Normalize this wavefunction over the
forbidden region. Find the probability that the tunneling electron has tunnelled less
than a distance x = 1/α away from the nucleus. Does this probability depend on L?
One concern in the push for smaller and faster silicon based computers is that when so
much circuitry is packed into a small region electrons might well tunnel from one place
to another thus causing the circuit to behave incorrectly. The barrier between inde-
pendent conducting pathways should be such that the probability of tunneling across
it is very low. Calculate what L should be in units of 1/α such that the probability
of an electron tunneling half way into the forbidden region is < 0.01%. One thing to
note about this problem is that by normalizing over the forbidden region we are con-
sidering only those electrons that are tunneling. This is quite likely only a very small
percentage of all the electrons.

8. Often one is interested in extracting the average value of some property from a wave-
function. This is done using the average value theorem which states that the average
value of some observable, Ô, is given byD

Ô
E
=
Z
all
space

ψ∗normÔψnorm, (1)

where the angled brackets denote averaging. Considering the tunneling wavefunction
given above, find the average value of x̂ and x̂2.

9. The variance or uncertainty of the average value of an observable is denoted as δO and
is given by

δO =

rD
Ô2
E
−
D
Ô
E2
. (2)

Find δx for the tunneling wavefunction used in the previous two problems.
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Conceptual Problems

10. Can you every know exactly where your PChem notes are?

11. Use the uncertainty principle to explain why atoms are stable.

12. How does knowing the variance (or standard deviation) and average value of a physical
property improve ones picture of what is going on versus only knowledged of the average
itself?

Computer Problems

13. UseMathematica to plot the family of functions f(x) = sinnπx, where n = 1, 2, 3 · · ·
from 0 to 1. Do all your plots share x = 0 and x = 1 as common zeros?

14. A quantum object is confined to the range 0 < x < ∞ and is described by the set of
wavefunctions ψn(x) = x

nKn(x), whereKn(x) is the nth order modified Bessel function
of the second kind and n = 1, 2, 3 · · ·. Use Mathematica to plot ψn(x) and |ψn(x)|2
and to normalize ψn(x) for the cases of n = 1, 2 and 3. (Hint: Look-up how to use the
BesselK function in the Mathematica book or the online help.)

Reflective Exercises

15. Please read the attached article by M. Singham which appeared in the June 2000
edition of Physics Today. The article is directed at physics teachers and students, but
applies equally well to chemistry.

(a) What are some reasons to accept what I teach in PChem as true?

(b) What are some reasons to not accept what I teach in PChem as true?

16. Write a short response to the letter to the editor which appeared in the Fargo Forum
two years ago. Your response may be in support of, in opposition to, or neutral with
regard to the author’s opinion.
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