HW # 13 §3.2
Lenarz - Math 210 Solutions Due: February 15, 2008

6. Write (if possible) B = [ _i 2 } as a linear combination of

10 0 -1 11
Sl CRY B ) B Y

Solution: We are trying to find ¢y, ¢, and c3 so that
ClAl -+ CQAQ -+ 03A3 =B
Thus we have
B = ClAl + CQAQ + 03A3
2 3 B 10 n 0 -1 n 1 1
42| T Yo 1|71 o T%® 01

_ c + C3 —Co + C3
Co C1 + C3

Hence we have the system of equations (in the variables cq, ¢o, and c¢3)

C1 + ¢ = 2
— ¢ + 3 = 3

Co = —4

c1 + c3 = 2

Which has augmented matrix

1 0 1 2 1 0 0 3

0 -1 1 3 rref 01 0|—4

0 1 0]—-4 01 0|-1

1 0 1 2 0 00 0
So we have ¢; = 3,¢c9 = —4, and ¢3 = —1 and hence

3A, —4A, — A3 =D
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10. Find the general form of span(A;, A, A3) where

10 0 —1 11
S ER YT R R

Solution: span(A;, Ay, A3) is the set of all possible linear combinations of Ay, A,

w

and As. So an arbitrary matrix B = [ y z ] is in span(A;, As, A3) if there are

scalars ¢, co, and c3 so that

B = 01A1 + CQAQ + 03A3

w T _ 10 n 0 —1 n 11
y 2| = Yo 1|72 ol T% 01
_ Cl+03 —02+03
Co c1+¢c3

that is,

Hence we have the system of equations (in the variables ¢y, ¢o, and c¢3)

C1 + ¢35 = w
— C + 3 =
Co = Yy
Cy + c3 = z
Which has augmented matrix
1 0 1w 10 0jlw—2z—y
0 -1 1|« rref 010 Yy
0 1 0|y 0 01 r+y
1 0 1]z 0 00 zZ—w

So in order for the system to be consistent, we must have z —w = 0, that is z = w.
So the general form for a matrix in span(A;, Ay, A3) is

o]

where w, x, and y are real numbers.
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R

are linearly independent.

14. Determine if

Solution: Suppose

L1 21], [1
g 21 1 0|73 4

Then we have

=loo)

c1+20+c3 cp+ce+2c | [0 0
Cl—CQ+403 Cl+303 __O 0

w

Hence we have the homogeneous system of equations (in the variables ¢y, co, and

63)
¢ + 202 + C3 —= 0
C1 —|— (&) + 203 = 0
G — C 4dcg 0
C1 + 3(33 = 0
Which has augmented matrix
1 2 11]0 1 0 3|0
11 210 | rer | O 1 =110
1 =1 4]0 00 0/0
10 3]0 00 0/0

Since c3 is a free variable, there are an infinite number of solutions and thus a
nontrivial linear combination of our matrices that sum to the zero matrix, meaning
that the matrices are linearly dependent.
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24. Find conditions on a, b, ¢, and d such that B = [ CCL b } commutes with A = [ -l } .

d -1 1
Solution: We want to find a, b, ¢, and d so that AB = BA.
AB = BA
1 -1 a b B a b 1 -1
-1 1 c d| c d -1 1
a—c b—d B a—b —a+b
—a+c =b+d| | c—d —c+d
Hence we have the homogeneous system of equations (in the variables a, b, ¢, and
d)
b — ¢ =0
a —d =0
—a + d =0
— b + c =0
Which has augmented matrix
0O 1 -1 010 10 0 —-1/0
1 0 0 1]0 rref 01 -1 010
—
-1 0 0 1]0 00 0 010
0 -1 1 0]0 00 0 010
Thus we have a = d and b = ¢, so any matrix B that commutes with A has form
a b
o=|5 2]
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26. Find conditions on a, b, ¢, and d such that B = e d commutes with both 00
0 0
and [ 01 }
. 10 0 0
Solution: Let A; = 00 and Ay, = 01l We want to find a,b, ¢, and d
so that A;B = BA; and A,B = BA,.
AlB = BAl
10 a b N a b 10
00 cd|  |cd 00

o)

a
b
c
0
Thus we have b =0 and ¢ = 0.

AyB

00 a b

01 c d

<l

Q.o oo O

Ay has form

|

a 0
c 0

Hence we have the system of equations (in the variables a, b, ¢, and d)

I
o o o o

= BAQ

1)
|

0 b
0 d

0 0
01

Hence we have the system of equations (in the variables a, b, ¢, and d)

_U O O O

Thus we have b = 0 and ¢ = 0. So any matrix B that commutes with both A; and

|

a 0
0 d
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33. Using induction, prove that for alln > 1, (4,4 --- A,)T = AL ... ATAT

Page 6

Solution: Base step: n =1
(A)" = A7 v

Induction step: Assume that
(AjAy---A)T = AT ... ATAT  (Induction Hypothesis)

Then we have

T
(AjAg - A A )T = ((AlAQ . 'An)An+1> (associativity)

= Al (A1 Ay AT (property of transpose)

= AL AT... ATAT (induction hypothesis)
X
35. (a) Prove that if A and B are symmetric n X n matrices, then so is A + B.
Solution: Suppose that A and B are symmetric n X n matrices. By the

definition of symmetric, AT = A and BT = B. Also,

(A+B)Y = AT + BT (property of transpose)
= A+ B (A= AT and B = BT)

So (A+B)T = A+ B, and by the definition of symmetric, A+ B is symmetric. X

(b) Prove that if A is a symmetric n X n matrix, then so is kA for any scalar k.

symmetric, AT = A. Also,

(kA)T = kAT (property of transpose)
— kA (A= AT

So (kA)T = kA, and by the definition of symmetric, kA is symmetric.

Solution: Suppose that A is a symmetric n X n matrix. By the definition of
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40. Prove that if A and B are skew-symmetric n X n matrices, then so is A + B.

42.

43.

Solution: Suppose that A and B are skew-symmetric matrices. By the definition
of skew-symmetric, AT = —A and BT = —B. Also,

(A+ BT = AT+ BT (property of transpose)
= —A+(-B) (AT =—-Aand B" = —B)
= —(A+B)

So (A+ B)T = —(A + B), and by the definition of skew-symmetric, A + B is

]

skew-symmetric. X

Prove that if A is an n x n matrix, then A — AT is skew-symmetric.

Solution: Suppose A is an n x n matrix. Then

(A—ATYT = AT — (AT)T (property of transpose)
= AT — A (property of transpose)
= (A AT)

So by definition, A — AT is skew-symmetric. X

(a) Prove that any square matrix A can be written as a sum of a symmetric matrix
and a skew-symmetric matrix. (Hint: Consider Theorem 3.5 and Exercise 42.)

Solution: Suppose A is a matrix. Let B = 3(A+ A”) and C = (A — AT).
Then
1 T 1 T
B+C::§M+A)+?A—A)
1
= ?A+AT+A—AH
= A
Also,
T
B (%(A + AT))
= %(A + AT)T (property of transpose)
= 14+ AT) (Theorem 3.5: (A + AT) is symmetric)
= B
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CT

so B is symmetric and

A - AT
(A— AT
(—(A— A7)

N= D=

—C

so C' is skew-symmetric.

T

(property of transpose)

(part(b): (A — AT) is skew-symmetric)

1 2 3
(b) Ilustrate part (a) for the matrix A= | 4 5 6
7 8 9
Solution: Let B = 3(A+ A”) and C' = 5(A — AT). Then
(1 23] [123
B = 3 4 5 6|+[4 56
(789 7809
1 [1 2 3] [1 4 7
= 3 4 5 6| +(2 5 8
(789] |3609
1_2 6 10
= 3 6 10 14
|10 14 18
1 3 5
= 3 5 7
5 7 9
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(T2 8] 1 2 317
C=5||456|-|450
78 9] |78 9]
1 2 3] [ 1 4 77
— Z(l4a56|=-|25 8
|7 89| [36 9]
Lo -2 -4
= 5|2 0 -2
4 2 0
0 —1 —2
- |1 0 -1
2 1 0
Note that BY = Band C* = —C and A= B + C.




