Lenarz Practice Exam #1
Math 210 September 24, 2007 Name:

Directions: Answer the following questions on a separate piece of paper. You may use a
calculator. If you do not show your work, you will receive no credit. CIRCLE YOUR
FINAL ANSWER. IF YOU DO NOT FOLLOW DIRECTIONS YOU WILL BE
PENALIZED! Note: This practice exam is much longer than the actual exam. It is meant
to give an idea of types of questions that will be asked.

1 4 2
1. Leta=| =2 |,b=| 0 |,and c = 1 |. Compute 2a — 3b + 4c.
3 1 -3
Solution:
1 4 2
2a—3b+4c = 2| -2 -3 0] +4 1
3 1 —
[ 2] 12 8
= —4 | - 0 | + 4
| 6] 3 —12
[ —2
= 0
.__9_
-3 -1
2. Find a vector u such that 2u+ 3v =w where v= | —2 | and w = 4
1 0
Solution:
2u+3v = w
2u = w—3v
1 3
u = -wW— -V
2 2
-1 -3
1 3
0 1
17 _9
2 2
= 21 —1 =3
| 0] 5
S
= 5
_3
| —2
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3. Solve for x in terms of a and b:

2x —a+3b=2(a+b)—-3(x—Db)

Solution:
2x —a+3b = 2(a+b)—-3(x—Db)
2x —a+3b = 2a+2b—-3x-+3b
hx = 3a-+2b
3 2
= — -b
X 5a + 5
k -2
4. Find all values of the scalar £ so that u = k | and v= | k—1 | are orthogonal.
—2 5
Solution: The two vectors are orthogonal iff their dot product is zero.
u-v = 0
—2k+k(k—1)—10 = 0
E—3k—10 = 0
(k—=5)k+2) = 0
So k= —2 and k = 5 are the only two values that make u and v orthogonal.

U

5. Suppose I define a new product called the circle dot product so that if u = [ } and

U2

v = [ U1 } in R?, then
V2
u® v =5uiv + 2usvy

Which (if any) of the following statements would be true for all vectors u, v, w and all
scalars c?

(a) uGV=vOou

Solution:
u®VvV = 5ujvy + 2ugvy  (definition of ®)
= buvjuy + 2v9uy  (commutive property of multiplication in R)
voOu (definition of ®)

Sou®v=v®uis true for all u and v in R?.
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(b)

U (V+w)=uOv+uoOw

Solution:
u® (v4+w) = [ “ 1 ©) { vt 1 (vector addition)
U9 Vg + Wa
= Buy(vy + wy) + 2ug(ve + wo) (definition of ®)
= Duiv; + dugwy + 2usvs + 2usws (distributive property of

multiplication in R)
= (buyvy + 2uqvy) + (Bugwy + Sugws) (commutative &
associative properties
of addition in R)
= uOVvV+uoOw (definition of ®)

Sou® (Vv+w)=u®v+u®w is true for all u, v, and w in R”.

(cu) ®v=c(u®v)

Solution:

() Ov = { “h } ® [ zl } (scalar multiplication)
2

= 5(cuy)vy + 2(cug)vy (definition of ®)

= ¢(bujvy) + c(2ugvy) (commutive & associative properties of
multiplication in R)

= ¢(buvy + 2uqvy) (distributive property of multiplication in R

= c¢(u®v) (definition of ®)

So (cu) ® v = c¢(u ® v) is true for all u and v in R2.

uGu>0andu@u=0ifu=0

Solution:
u®u = bHujus + 2uguy (definition of ®)
= bul+ 2u3
>0 (sum of squares must be nonnegative)

Sou®u > 0is true for all u in R2.

udGu = 0
5ul +2u5 = 0

But the sum of positive terms is zero iff each term is zero. So 51@ =0 u =0
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and 2u% = 0 < uy = 0. Thus u = 0. Hence, u ® u = 0 iff u = 0 is true for all

u in R2,
1 4
6. Letu=| -2 | and v=r | —4 |. Compute the following:
1 7
(a) u-v
Solution:
u-v = (1)(4)+ (=2)(=4) + (1)(7)
= 44+8+7
= 19
(b) [lu—v]|
Solution:
[ 1] 4
u—-v = -2 | -] -4
1] 7
e
= 2
L _6 -
lu—vl]| = V(=3)>+(2)? + (-6)2
= V9+4+36
= V49
7




Math 210 September 24, 2007 Page 5

(c) proj,u

Solution:

VIl = V(42 + (=4 + (7)?
— VI6+ 16 +49

9
proj,u = (u‘;) v
[[v]]

(d) the cosine of the angle between u and v

Solution:

Jall = VOP+ (27 + (1)2
~ VitiTl
NG

[[alff[v]|

19
9v6

7. Which of the following is NOT true for all vectors u and v:

(a) [[u—=v[[ < [al] = }v]]

Solution: If we let u = 0 then the statement becomes
| = vl < =]|v]]

which is not true because the left side is positive and the right side is negative.
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(b) [lu+v|* = 2[[ul[* + 2||v||*

Solution: If we let u = 0 then the statement becomes
Iv]]? = 2[|v]]?

which is only true if ||[v||* = 0 (i.e. when v = 0), so it is not true for all vectors.

(c) u-v=glut+v|—gflu— v}

Solution:
bl viE gl v
= }1 (u+V)'(u+V)—(U—V)'(U—V)) (def. of mag.)
= j((wu+20u-v)+v-v)- (U'U—Q(U'V)-l-V'V)) (dist. prop.)
— 1(u-v))

So the statement holds for all u and v.

8. For all vectors v in R", the nonzero vector u is orthogonal to which of the following?

(a) proj,v

Solution:

(am)™

u-proj,v = u
u
_ <u) (u-u)
u

u-u
%

So this statement is not true for all u and v. u is only orthogonal to proj,v
under certain conditions (i.e. u and v are orthogonal).
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(b) proj,u

Solution:

, u-v
u-proju = u-<—>v
vV
u-v
= (—)(u-v
(vv) )
(u-v)?

~—

V-V

So this statement is not true for all u and v. u is only orthogonal to proj,u
under certain conditions (i.e. u and v are orthogonal).

v + proj,v

Solution:

u- (v+proj,v) = u-v-+u-proj,v
= u-vt+u-v
= 2(u-v)

So this statement is not true for all u and v. u is only orthogonal to v + proj,v
under certain conditions (i.e. u and v are orthogonal).

V — proj,v

Solution:

u- (v —proj,v) = u-v-—u-proj,v
= u-v—-u-v
= 0

So this statement is true for all u and v.

9. Find an equation of the plane through the point (1,2,3) which is parallel to the plane
2r —y + 2+ 2 = 0 and find the equation of the line through the point (1,2, 3) that is
perpendicular to the plane 2z —y + 2 4+ 2 = 0.

Solution: Parallel planes have parallel normal vectors, so we can use n = [2, —1, 1]
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for the normal vector of our plane. Thus we have

20—-1)—(y—2)+(2—3) = 0
20 —-2—-y+24+2—-3 =0
2r—y+z = 3

The line’s direction vector is perpendicular to the plane and hence parallel to the
plane’s normal vector, so we can take d = [2, —1, 1]. In vector form, the line is

T 1 2
yl=12|+t] -1
z 3 1
x 9 —2
10. Theline | y | = | =8 | +1 3 | is perpendicular to a plane containing the point
z 7 5)

(4,6,—1). Find an equation of the plane.

Solution: The line’s direction vector is perpendicular to the plane and hence parallel
to the plane’s normal vector, so we can take n = [—2, 3, 5] for the normal vector of
our plane. Thus we have

—2(z—4)+3(y—6)+5(z—(-1)) = 0
—2r+843y—18+5z+5 = 0
—2x+3y+52z =

11. Find all solutions of 3z + 5 = 2 in Z, or show that there are no solutions.

Solution: If we subtract 5 from both sides, we have 2 —5 = —3 =; 4 on the right
side. So we are solving the equation

3xr =4

in Z7. This becomes a problem of finding a value (in Z;) for = so that 3z has
remainder 4 when divided by 7. We can just try all possible values in Z; to determine
when it would be true. The only value that will work is x = 6.
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12. Find the check digit that should be appended to the vector u = [2 5 6 4 5] in Z2 if the
check vectorisc=1[111111].

Solution:

25645d-[111111] = 2454+6+4+5+d
= 1+d11’lZ7

So the dot product will be zero if 1 +d = 0 in Z7, which happens when d = 6.

13. (a) Write down the augmented matrix for the linear system

r + 2y — 3z =1
3r — y + 2z =7
or + 3Jy — 4z = 2

Solution:
1 2 —311
3 -1 217
5 3 —412

Solve the system using Gaussian elimination or show the system has no solution.

solution.

Solution:
1 2 =3 Ro =31 (1 2 —3] 1]
R3 — 5R1
3 -1 2 _ 0 =7 11| 4
5 3 —4 | 0 -7 11]-3
1 2 =3] 1
fslo, 0 -7 11| 4
|0 0 0]-7
The last row of the augmented matrix gives 0 = —7, so the system has no
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14.
not just with a calculator!)

Page 10

(a) Transform the following matrix to reduced row echelon form (showing all steps -

02 1 4

00 26

1 0 -3 2

Solution:

02 1 4 1 0 -3 2]
00 2 6 Frofis, 00 2 6
1 0 -3 2 |02 1 4]
(1 0 -3 2]
Licinei:N 02 1 4
(00 2 6|
. (1 0 -3 2]

3t
2, 02 1 4
|00 1 3]
Ro — Ry 1 0 0 117

R; + 3R3
ik N 020 1
|00 1 3]
. (1 0 0 11 ]
§R2 1
2, o010 1
|00 1 3]

(b) What is the rank of the matrix?

matrix.

Solution: The rank of the matrix is 3 since there are three nonzero rows of the

15. Find all solutions of the following systems:

(a)

dr + 8y — 12z =
20+ 2y — 2z =
or — Dy +  Hz =

e}

Solution: The augmented matrix for the system is

4 8 —1210 1 2
2 2 20| X |0 -1
5 -5 5|0 0 0
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The last line guarantees a unique solution, and since this is a homogeneous
system, the only solution is 0 (i.e. z =y =z = 0)

x — 4y — 2z = 3
2 — & + 2z = 9
—r + 4y — 22 = —6

Solution: The augmented matrix for the system is

1 —4 —1| 3 1 —4 04
9 -8 1] 9l =™ 10 o0 1]1
1 4 —2|—6 0 000

The last line guarantees an infinite number of solutions. The matrix gives us
the system
r — 4y = 4
1

A =

Our leading variables are z and z and our free variable is y. So we solve for z
and z in terms of y:

r = 4y+4
1
4t + 4
If we let y = t, we have the solution set t
1

16. Find the line of intersection of the planes —z +2y —z+1=0and y + 32 — 1 =0.

Solution: This problem is given by a system of linear equations

- 4+ 2y - z = -1
y + 3z = 1

which has augmented matrix

—1 2 1| =1] me [1 0 7]3
01 3] 1 01 3|1
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The matrix gives us the system

x + 7z = 3
y + 3z =1

Our leading variables are x and y and our free variable is z. So we solve for x and y
in terms of z:

r = 3—-7Tz

= 1-3z

3—Tt

If we let z = ¢, we have the solution set | 1 — 3t
t

17. For what values of a and b is the system consistent?

r — 3y = a
—2r + 6y = D

Solution: The augmented matrix for this system is

1 —3|a | Ryt2mr; 1 -3 a
-2 6|0 0 0b+2a

If the last row is all zeros we have an infinite number of solutions and the system is
consistent. So if b+ 2a = 0 we will be consistent, i.e. if b = —2a. All other values
will have the last row leading to an equation with zero on the left and a nonzero
value on the right and hence no solution to the system (inconsistent).
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18. For what values of k does the system

r —y + z =0
20 — y + 5z = 0
xr — y + kz =0

have
(a) no solution
(b) a unique solution

(c) infinitely many solutions

Solution: The augmented matrix for the system is

1 -1 10 R —2R 1 -1 110
Rs — Ry

2 -1 5|0 ——— | 0 1 310

1 -1 k1|0 0 0 k—-1]0

If the last row is all zeros, we will have an infinite number of solutions. So if
k—1=0= k =1 we have an infinite number of solutions.

If the last row has k — 1 # 0 = k # 1, we will have a unique solution.

There are no possible values of k that would lead to no solution (this is a
homogeneous system, so it always has at least 0 as a solution).

19. Determine if the following sets of vectors are linearly independent. If a set is linearly
dependent, find a dependence relationship among the vectors.

1 2 3
(@) vi= |2 |,va= |5 |, v3=| T
3 7 10

Solution: First put the vectors into a matrix as rows:

12 3
A=|2 5 7
3 7 10

Then perform row reduction on A. If we have any free variables (in particular
a last row of zeros), we can trace back through the row operations to find a
dependence relation. If we have no free variables, the set is linearly independent.

1 2 3 Ry = Ry — 2y 1 2 3
Ré:R3—3R1

2 5 7 011

37 10 (001 1]

R//_R/ R/ -1 2 3-

B I N 01 1

(00 0
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So we have
0 = R
= Ry— Ry
= (R3—3Ry) — (Ry —2Ry)
= —Ri—Ry+ R3
1 2 3
= —| 2| =15+ 7
3 7 10
1 2 3
(b) vi= |2 |, vo= |5 |, vs=]| 7
3 7 11

Then perform row reduction on [A]0]. If we have a matrix that corresponds to
an infinite number of solutions, we have a dependent set. If we have a unique
solution, we have a linearly independent set.

12 3|0 1 0 0]0
25 7lo] =% o1 0}0
3 7 1110 0 0 1]0
So we have a unique solution, which means our set of vectors is linearly inde-
pendent.
1 0 0
20. Show that R? = span {1,111, 1
1 1 -1
a
Solution: We need to show that an arbitrary vector | b | in R3 is a linear combi-
c
nation of the three vectors, i.e. find ¢;, ¢ and c¢3 so that
1 0 0 a
C1 1 + Co 1 -+ C3 1 = b
1 1 -1
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This corresponds to a linear system
C1 = a
ciT + ¢ + 3 = b
ciT + ¢ — ¢c3 = ¢
Which has augmented matrix
1 0 0la Ro-fi 1 0 0| a |
R3 — Ry
11 1156 _ 01 1lb—a
11 —-1]¢ | 01 —1|c—a |
1 0 0] a ]
RN 01 1|b—a
| 00 =2]c—0 |
) [1 0 0| a
—§R3
— 01 1|b—a
b—c
| 0 0 1] =5°¢
(1 0 0 a
ﬂ) O 1 O —2&—2&—b+c
b—c
| 0 0 1 ¢
So we have the solution ¢; = a, ¢; = _Q%b“ and c3 = %, ie.
1 —2a+b+c 0 b—rc 0 a
al 1l |+ — s 1]+ 5 1|1 =159
1 1 -1 c

21. Indicate TRUE if true in all cases or FALSE otherwise.

(a) In R" if u-v = u-w, then either u =0 or v =w.

Solution: This statement is FALSE. Examining the equation we see that

v = uw
uv—uw = 0
u-(v—w) =0

Which means that u is orthogonal to v — w. For instance if u = e;, v = €3 and
w = e3 in R” where n > 3, thenu-v=u-w.
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(b)

(h)

IR, [|v = wl| + [[v +wl| = [[2v]]

Solution: This statement is FALSE. For instance if v = 0, then the statement
says || — wl|| + ||w|| = 0, which is only true for w = 0.

InR" ifu-v=0,thenu=0orv=0.

Solution: This statement is FALSE. u-v = 0 just means that u is orthogonal
to v.

In R3, if a line ¢ is parallel to a plane P, then a direction vector d for ¢ is parallel
to a normal vector n for P.

Solution: This statement is FALSE. It would be true if the line ¢ was perpen-
dicular to the plane P.

In R3, if two planes are not parallel, then they must intersect in a line.

Solution: This statement is TRUE.

If c € R and x € R", then ¢||x| = ||ex]|.

Solution: This statement is FALSE. It would be true if it said |c|||x]| = ||ex]|

The rank of a matrix is equal to the number of its nonzero rows.

Solution: This statement is FALSE. It would be true if it said “The rank of a
matrix in row echelon form is equal to the number of its nonzero rows.”

A system of n linear equations in n + 1 unknowns always has a solution.

Solution: This statement is FALSE. For example the system

r + y + =z 3
r +y + z =1

has no solution.




Math 210 September 24, 2007 Page 17

Proofs

22. Prove that [[u+ v||? + ||[u — v||? = 2||u]|? + 2||v||* for all vectors u and v in R™.

Solution: Let u,v € R".

la+v[* + flu—v]?

= (u+v)-(u+v)+(u—v) - (u—v) (def. of length)
= u-ut+2u-v)+v-v+u-v—2u-v)+v-v (dist. and com. prop.
= 2[ul]® +2||v|? (def. of length)

23. Prove that if u is orthogonal to v, then every scalar multiple of u is also orthogonal to
V.

Solution: Suppose u is orthogonal to v. Then u-v = 0 by the definition of orthog-
onal. So we have

(cu)-v = c¢(u-v) (property of dot product)
(since u-v =0)

I
Q
—~
o
S~—

So by the definition of orthogonality, cu is orthogonal to v. X

24. Prove that proj,(proj,v) = proj,v.

Solution:
. . . u-v .
proj,(proj,(v)) = proj, ((—u) u) (def. of proj.)

— ﬂ) u  (def. of proj.)

= pPIoj,Vv (def. of proj.)




Math 210 September 24, 2007 Page 18

25. Prove that a set of vectors containing two equal vectors is linearly dependent.

Solution: Suppose S is a set of vectors containing two equal vectors. For instance
S ={vy,vy,...,Vvp,u,u}l
Then if we let ¢y = ¢y = ... = ¢ =0 and ¢y1 = —co Where ¢, 2 # 0, we have
1V + Ve 4 ... 4 Vi + Ch1U + CrgoU = —CppoU + Cpou =0
which shows that the set S is linearly dependent. X
26. Prove that if uy, uy, ..., uy are linearly independent vectors, then {c;uy, couy, . .., cpug}

is a linearly independent set, where ¢; are nonzero scalars.

Solution: Suppose uy, us, ..., u; are linearly independent vectors. Let b; and ¢;
be sets of scalars with ¢; # 0 for : = 1,...,k. Then

bl(clul) + b2(62u2) + ...+ bk(ckuk) =0

iff

(blcl)ul + (bQCQ)U_Q + ...+ (bkck)uk =0
Since uy, uy, ..., u, are linearly independent vectors, b;c; =0 for : = 1,..., k. But
ci #0fori=1,....k, sob; =0fori=1,...,k. Thus cyuy, cous, ..., cpuy are
linearly independent vectors. X

27. Prove the following by induction
(@) 1+3+5+...+2n—1)=n?forn>1

Solution:
Base step: n =1
1=1v

Induction Step: Assume that
1+3+5+...4+ (2n — 1) = n* (Induction Hypothesis)
1+34+5+...+2n—1D+2n+1)—1 = n*+[2(n+1)—1] (by Ind. Hyp.

= n*+2n+1
= (n+1)?
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(b)

(c)

n(2n —1)(2n +1)

PP+32+52+... +(2n—1)2= forn>1

Solution:
Base step: n =1

Induction Step: Assume that

n(2n—1)(2n +1)

P4+ 32452+, +2n—1)?2 = (Induction Hypothesis)

1°+3%+ 52 +...+2n—1)*+[2(n+1)—1]?

= n(n—1)@2n+1) +[2(n+1) —1)* (by Ind. Hyp.)

= + (2n +1)?

@ + (2n + 1))

n(2n —1) +3(2n + 1))

1 1 1 1 — n
Wttt gy ez !

Solution:
Base step: n =1
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Induction Step: Assume that

0 + 203) + 30 +...+ TP = (Induction Hypothesis)
1 1 1 1 1
@ 3w T hmr ) T D D+
S ! (by Ind. Hyp.)

n+l (n+1D[(n+1)+1]
1

- n—irljL 1)(n+2)

T o+l < n+2)
1 nn+2)+1

T on+1 ( n+ 2 )

B 1 n®+2n+1

Con+l ( n+ 2 )

- n—|—1<n+2)
n+1

- n—+ 2

B n+1

(1) +1




