Lenarz Exam #1
Math 210 October 1, 2007 Name:

Directions: Answer the following questions in the space provided. You may use a calculator.
If you do not show your work, you will receive no credit. The point value of each question is
indicated. WRITE YOUR FINAL ANSWER ON THE ANSWER LINE WHEN
APPROPRIATE. IF YOU DO NOT FOLLOW DIRECTIONS YOU WILL BE

PENALIZED!

1. Ifu=[2,3,—1] and v = [-1,5,0], find
(a) (5 points) u-v

Solution:
u-v = (2)(=1)+B3)()+ (=1)(0)
— 241540
= 13
(b) (5 points) ||2u — v]|
Solution:
[2u—v|| = [[4,6,-2] - [-1,5,0]]
= 51, =2]|
= V5 + 12+ (-2)?
= V25+1+4
= V30
(c) (5 points) proj,u
Solution:
, u-v
proj,u = (—V.V>V
13
= —vV
26
1
= —v
2
15
- {—55’0]
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(d) (5 points) cosine of the angle between u and v

Solution:

u-v
cos =

[[ul[[[v]l

V1426
291

2. (9 points) For what value of a are [a, —2, 3] and [a, 5, a] orthogonal?

Solution: The two vectors are orthogonal iff their dot product is zero:
0 = [a,—2,3]]a,b,q]
= (a)(a) + (=2)(5) + (3)(a)
= a*+3a—10
= (a+5)(a—2)
So the two vectors are orthogonal when a = —5 or a = 2.

3. (15 points) Consider the linear system

x + kz = 1
ke + y + (k-T2 = k-1
2v + ky + (K*—14)z = 0

(a) For what value(s) of k does the system have a unique solution?
(b) For what value(s) of k does the system have no solution?

(c) For what value(s) of k£ does the system have infinitely many solutions?

Solution: First we find a row echelon form of the associated augmented matrix:
10 k 1 22 :’;gl 10 k 1
k1l B-7 k-1 —— |01 ~7 ~1
2 k k*—14| 0 | 0k K —2k—14| -2
[ 1 0 k 1
L O —7 ~1
| 0 k K*+5k—14|k—2
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(Notice that these row operations are valid only when k # 0, but when k& = 0, the rref
of the matrix shows a unique solution.) There will be an infinite number of solutions
when the last row is all zeros; that is when k? + 5k — 14 = (k + 7)(k — 2) = 0 and
k — 2 = 0. This happens only when k = 2.

There will be no solution if k& + 5k — 14 = (k+ 7)(k — 2) = 0 but k — 2 # 0. This
happens when k = —7.

The only other option is to have a unique solution, which will occur when k # —7, 2.

4. Are the following vectors linearly dependent? If they are, find a dependence relationship.

1 -1 1 6
) -1 1 0 -5
(a) (10 points) BE E e 4
0 1 -1 -3
Solution: We need to find scalars ¢q, ¢o, ¢3, and ¢4 so that
1 -1 1 6 0
-1 n 1 n 0 n -5 |0
Al o T o | TS 1| T 4] T o
0 1 -1 -3 0
So the corresponding linear system is
C1 — Ccy -+ C3 + 604 =0
—C1 + C — 5¢y = 0
C1 + C3 + 464 = 0
Co — C3 — 3C4 =0
with augmented matrix
1 -1 1 610 1 00 310
-1 1 0 =510 | rref 010 —2|0
1 0 1 410 0 01 110
0 1 -1 =-3|0 0 00 010
which corresponds to the system
C1 + 3C4 =0
Co - 204 =0
cs + ¢ =0
So the solution is
—3t
2t
—t
t
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telling us that the vectors are linearly dependent have dependence relationship

1 1 1 6
1 1 0 _5
IR I Y R L
0 1 1 _3
or
1 1 6
_ 1 0 _5
3Ly |72 o] 17| 4
0 1 1 3
1 1 1 0
. 1 1 0 1
m) aovones) |11 0| 0L
0 1 1 1

1 -1 1 0 0
-1 N 1 n 0 n 11 |0
S A T O T I O Il I O I AN
0 1 -1 1 0
So the corresponding linear system is
C1 — Cy + C3 = 0
—C1 + o + ¢ = 0
C1 + 3 — ¢4 = 0
Co — C3 + ¢4 = 0
with augmented matrix
1 -1 1 0/0 1 00 0]0
—1 1 0 110 rref 01 0 010
1 0 1 =110 001010
0 1 -1 1]0 00010

Implying that the solution is ¢; = ¢; = ¢3 = ¢4 = 0. So the set of vectors is

linearly independent.
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5. (10 points) Indicate TRUE if true in all cases or FALSE otherwise. Justify your
answers. (Two points each.)

(a)

()

(d)

(e)

In R”, if u-v = u-w, then eitheru=0or v=w.

Solution: This statement is FALSE. For example, if u = [1,0,0], v = [0, 1, 0]
and w = [0,0,1], then u-v =0 =u-w, but we have u # 0 and v # w.

I R", [lv = wl| + [|v + wl| = [[2v]]

Solution: This statement is FALSE. If we let v = [1,0,0] and w = [0, 1, 0],
then we have

v —=wl+lv+wl = [[1, =10+ I, 1,0]]
= 22
But [|2v]| = ||[2,0,0]|| = 2, so the two quantities are not equal.

In R?, if a line ¢ is parallel to a plane P, then a direction vector d for ¢ is perpen-
dicular to a normal vector n for P.

Solution: This statement is TRUE. If 7 is parallel to P, then d is parallel to
all vectors in P and hence orthogonal to n by definition.

If c € R and x € R”, then ¢||x| = ||cx]|.

Solution: This statement is FALSE. The correct statement would be: “If c € R
and x € R™, then |c|||x|| = [|ex]|.”

The rank of a matrix is equal to the number of nonzero rows in its reduced row
echelon form.

Solution: This statement is TRUE. This is our current definition of rank.
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6. (13 points) Use induction to prove that 1 +3+5+---+ (2n — 1) =n? for n > 1.

Solution:
Base step: n =1
1=1*v

Induction Step: Assume that

1+3+5+---+(2k — 1) = k? (Induction Hypothesis)

1+3+5+ - +(2k:—1)+<2(k+1)—1)
= (1 +3+5+---+(2k — 1)) + (2k+ 1) (assoc. prop.)
= K+ (2k+1) (Ind. Hyp.)
= K +2k+1
= (k+1)?

7. (13 points) Choose only ONE of the following statements to prove.
(a) Prove that proj,(v — proj,v) = 0.

Solution:
. : : u-v _
proju (v — proju(v)) = proj,|(v— (n) u (def. of proj.)
(i)
u-(v—(——)u
= L u  (def. of proj.)
u-u
G
u-v—u-(—)u
= u-u u  (distributive prop.)
u-u
u-v-— (H) (u-u)
= u-u u (prop. of dot prod.)
u-u
(u Vv—u- v)
= u
u-u
= (O)u
= 0
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(b) Prove that a set of vectors containing two equal vectors is linearly dependent.

Solution: Suppose S is a set of vectors containing two equal vectors. For
instance
S =A{vy,va,..., Vg, u,u}
Then if welet ¢c; = co = ... = ¢, = 0 and ¢xy 1 = —cpi2 Where ¢ o # 0, we have
c1Vy + caVa 4 ...+ Cp Vi + Cr1U F Cppol = —CpyoU + Crou =0
which shows that the set S is linearly dependent. X
(c) Prove thatifuy, ug, ..., uy are linearly independent vectors, then {cjuy, couy, . . ., crug }
is a linearly independent set, where ¢; are nonzero scalars.

Solution: Suppose uj, us, ..., u; are linearly independent vectors. Let b; and
¢; be sets of scalars with ¢; # 0 for i = 1,...,k. Then

bi(ciuy) + ba(coug) + ... + br(crug) =0
iff

(blcl)ul -+ (6202)112 + ...+ (bkck)uk =0
Since uy, uy, ..., u, are linearly independent vectors, b;c; = 0 for i =1,... k.
But ¢; #0fori=1,...,k,sob;=0fori=1,..., k. Thus ciuy, coug, ..., cpuy
are linearly independent vectors. X
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8. (7 BONUS points) A book publisher publishes a potential best seller in three different
bindings: paperback, book club, and deluxe. Each paperback book requires 1 minute for
sewing and 2 minutes for gluing. Each book club book requires 2 minutes for sewing and
4 minutes for gluing. Each deluxe book requires 3 minutes for sewing and 5 minutes for
gluing. If the sewing plant is available 6 hours per day and the gluing plant is available
11 hours per day, how many books of each type can be produced per day so that the
plants are fully utilized and the number of paperbacks is four times the number of book
club books?

Solution: Let p be the number of paperbacks, b the number of book club books,
and d the number of deluxe books. Then we have the following system

p + 20 + 3d = 360
2p + 4b + 5d = 660
p — 4b = 0

Which has augmented matrix

12 3360 10 0]120
9 4 51660 | 74101 0l 30
1 -4 0| o0 00 1| 60

So we have p = 120, b = 30 and d = 60.




