
Lenarz - Math 121 Review - Chapter 3 October 17, 2005

1.

y = (x4 − 3x2 + 5)3

y′ = 3(x4 − 3x2 + 5)2 d

dx
(x4 − 3x3 + 5)

= 3(x4 − 3x2 + 5)2(4x3 − 6x)

2.

y = cos(tan x)

y′ = − sin(tan x)
d

dx
(tan x)

= − sin(tan x) sec2 x

3.

y =
√

x +
1

3
√

x4

= x
1
2 + x−

4
3

y′ =
1

2
x−

1
2 − 4

3
x−

7
3

=
1

2
√

x
− 4

3
3
√

x7
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4.

y =
3x− 2√
2x + 1

=
3x− 2

(2x + 1)
1
2

y′ =
(2x + 1)

1
2

d

dx
(3x− 2)− (3x− 2)

d

dx
[(2x + 1)

1
2 ](

(2x + 1)
1
2

)2

=

(2x + 1)
1
2 (3)− (3x− 2)

[
1

2
(2x + 1)−

1
2

d

dx
(2x + 1)

]
2x + 1

=

3(2x + 1)
1
2 − (3x− 2)

[
1

2
(2x + 1)−

1
2 (2)

]
2x + 1

=
3(2x + 1)

1
2 − (3x− 2)(2x + 1)−

1
2

2x + 1

=
3(2x + 1)− (3x− 2)

(2x + 1)
3
2

=
6x + 3− 3x + 2

(2x + 1)
3
2

=
3x + 5

(2x + 1)
3
2

5.

y = 2x
√

x2 + 1

= 2x(x2 + 1)
1
2

y′ = 2x
d

dx
[(x2 + 1)

1
2 ] + (x2 + 1)

1
2

d

dx
(2x)

= 2x

[
1

2
(x2 + 1)−

1
2

d

dx
(x2 + 1)

]
+ (x2 + 1)

1
2 (2)

= x[(x2 + 1)−
1
2 (2x)] + 2(x2 + 1)

1
2

= 2x2(x2 + 1)−
1
2 + 2(x2 + 1)

1
2

=
2x2

√
x2 + 1

+ 2
√

x2 + 1

=
2x2 + 2

√
x2 + 1√

x2 + 1
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6.

y =
ex

1 + x2

y′ =
(1 + x2)

d

dx
(ex)− (ex)

d

dx
(1 + x2)

(1 + x2)2

=
(1 + x2)(ex)− (ex)(2x)

(1 + x2)2

=
ex(1 + x2 − 2x)

(1 + x2)2

=
ex(x− 1)2

(1 + x2)2

7.

y = esin 2θ

y′ = esin 2θ d

dθ
(sin 2θ)

= esin 2θ

(
cos 2θ

d

dθ
(2θ)

)
= esin 2θ(cos 2θ)(2)

= (2 cos 2θ)esin 2θ

8.

y = e−t(t2 − 2t + 2)

y′ = e−t d

dt
(t2 − 2t + 2) + (t2 − 2t + 2)

d

dt
(e−t)

= e−t(2t− 2) + (t2 − 2t + 2)e−t d

dt
(−t)

= e−t(2t− 2) + (t2 − 2t + 2)e−t(−1)

= e−t(2t− 2)− (t2 − 2t + 2)e−t

= e−t((2t− 2)− (t2 − 2t + 2))

= e−t(2t− 2− t2 + 2t− 2)

= e−t(−t2 + 4t− 4)
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9.

y =
t

1− t2

y′ =
(1− t2)

d

dt
(t)− (t)

d

dt
(1− t2)

(1− t2)2

=
(1− t2)(1)− (t)(−2t)

(1− t2)2

=
1− t2 + 2t2

(1− t2)2

=
1 + t2

(1− t2)2

10.

y = sin−1(ex)

y′ =
1√

1− (ex)2

d

dx
(ex)

=
1√

1− e2x
(ex)

=
ex

√
1− e2x

11.

y = xe−
1
x

y′ = x
d

dx
(e−

1
x ) + (e−

1
x )

d

dx
(x)

= x

(
e−

1
x

d

dx

(
−1

x

))
+ (e−

1
x )(1)

= x

(
e−

1
x

d

dx

(
−x−1

))
+ e−

1
x

= x
(
e−

1
x

(
x−2
))

+ e−
1
x

= x−1e−
1
x + e−

1
x

= e−
1
x (x−1 + 1)

= e−
1
x

(
1

x
+ 1

)
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12.

y = xresx

y′ = xr d

dx
(esx) + (esx)

d

dx
(xr)

= xr

(
esx d

dx
(sx)

)
+ (esx)(rxr−1)

= xr (esx(s)) + rxr−1esx

= sxresx + rxr−1esx

= xr−1esx(sx + r)

13.

y = tan
√

1− x

= tan(1− x)
1
2

y′ = sec2(1− x)
1
2

d

dx
[(1− x)

1
2 ]

= sec2(1− x)
1
2

[
1

2
(1− x)−

1
2

d

dx
(1− x)

]
= sec2(1− x)

1
2

[
1

2
(1− x)−

1
2 (−1)

]
= −sec2(1− x)

1
2

2(1− x)
1
2

= −sec2
√

1− x

2
√

1− x

14.

y =
1

sin(x− sin x)

= [sin(x− sin x)]−1

y′ = −[sin(x− sin x)]−2 d

dx
[sin(x− sin x)]

= −[sin(x− sin x)]−2[cos(x− sin x)
d

dx
(x− sin x)]

= −[sin(x− sin x)]−2 cos(x− sin x)(1− cos x)

= −(1− cos x) cos(x− sin x)

[sin(x− sin x)]2
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15. Use implicit differentiation

xy4 + x2y = x + 3y
d

dx
(xy4 + x2y) =

d

dx
(x + 3y)

x
d

dx
(y4) + y4 d

dx
(x) + x2 d

dx
(y) + y

d

dx
(x2) = 1 + 3

dy

dx

x

(
4y3 dy

dx

)
+ y4(1) + x2 dy

dx
+ y(2x) = 1 + 3

dy

dx

4xy3 dy

dx
+ x2 dy

dx
− 3

dy

dx
= 1− y4 − 2xy

(4xy3 + x2 − 3)
dy

dx
= 1− y4 − 2xy

dy

dx
=

1− y4 − 2xy

4xy3 + x2 − 3

16. skip

17.

y =
sec 2θ

1 + tan 2θ

y′ =
(1 + tan 2θ)

d

dθ
(sec 2θ)− (sec 2θ)

d

dθ
(1 + tan 2θ)

(1 + tan 2θ)2

=

(1 + tan 2θ)

(
sec 2θ tan 2θ

d

dθ
(2θ)

)
− (sec 2θ)

(
sec2 2θ

d

dθ
(2θ)

)
(1 + tan 2θ)2

=
(1 + tan 2θ)(sec 2θ tan 2θ(2))− (sec 2θ)(sec2 2θ(2))

(1 + tan 2θ)2

=
2 sec 2θ tan 2θ + 2 sec 2θ tan2 2θ − 2 sec3 2θ

(1 + tan 2θ)2

=
2 sec 2θ(tan 2θ + tan2 2θ − sec2 2θ)

(1 + tan 2θ)2

=
2 sec 2θ(tan 2θ − 1)

(1 + tan 2θ)2

The last step uses the fact that tan2 θ + 1 = sec2 θ.
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18. Use implicit differentiation

x2 cos y + sin 2y = xy
d

dx
(x2 cos y + sin 2y) =

d

dx
(xy)

x2 d

dx
(cos y) + cos y

d

dx
(x2) +

d

dx
(sin 2y) = x

d

dx
(y) + y

d

dx
(x)

x2(− sin y)
dy

dx
+ cos y(2x) + cos 2y

d

dx
(2y) = x

dy

dx
+ y(1)

−x2 sin y
dy

dx
+ 2x cos y + cos 2y

(
2
dy

dx

)
= x

dy

dx
+ y

−x2 sin y
dy

dx
+ 2 cos 2y

dy

dx
− x

dy

dx
= y − 2x cos y

(−x2 sin y + 2 cos 2y − x)
dy

dx
= y − 2x cos y

dy

dx
=

y − 2x cos y

−x2 sin y + 2 cos 2y − x

19.

y = ecx(c sin x− cos x)

y′ = ecx d

dx
(c sin x− cos x) + (c sin x− cos x)

d

dx
(ecx)

= ecx(c cos x− (− sin x)) + (c sin x− cos x)ecx d

dx
(cx)

= ecx(c cos x + sin x) + (c sin x− cos x)ecx(c)

= ecx[(c cos x + sin x) + c(c sin x− cos x)]

= ecx(c cos x + sin x + c2 sin x− c cos x)

= ecx(1 + c2) sin x

20. skip

21.

y = eex

y′ = eex d

dx
(ex)

= eex

ex

= eex+x
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22.

y = sec(1 + x2)

y′ = sec(1 + x2) tan(1 + x2)
d

dx
(1 + x2)

= sec(1 + x2) tan(1 + x2)(2x)

= 2x sec(1 + x2) tan(1 + x2)

23.

y = (1− x−1)−1

y′ = −(1− x−1)−2 d

dx
(1− x−1)

= −(1− x−1)−2(x−2)

= −x−2(1− x−1)

24.

y =
1

3
√

x +
√

x

= (x + x
1
2 )−

1
3

y′ = −1

3
(x + x

1
2 )−

4
3

d

dx
(x + x

1
2 )

= −1

3
(x + x

1
2 )−

4
3

(
1 +

1

2
x−

1
2

)
=

(
− 1

3 3
√

(x +
√

x)4

)(
1 +

1

2
√

x

)
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25. Use implicit differentiation

sin(xy) = x2 − y

d

dx
[sin(xy)] =

d

dx
(x2 − y)

cos(xy)
d

dx
(xy) = 2x− dy

dx

cos(xy)

(
x

d

dx
(y) + y

d

dx
(x)

)
= 2x− dy

dx

cos(xy)

(
x

dy

dx
+ y(1)

)
= 2x− dy

dx

x cos(xy)
dy

dx
+ y cos(xy) = 2x− dy

dx

x cos(xy)
dy

dx
+

dy

dx
= 2x− y cos(xy)(

x cos(xy) + 1

)
dy

dx
= 2x− y cos(xy)

dy

dx
=

2x− y cos(xy)

x cos(xy) + 1

26.

y =

√
sin

√
x

= (sin x
1
2 )

1
2

y′ =
1

2
(sin x

1
2 )−

1
2

d

dx
(sin x

1
2 )

=
1

2
(sin x

1
2 )−

1
2

(
cos x

1
2

d

dx
(x

1
2 )

)
=

1

2
(sin x

1
2 )−

1
2 (cos x

1
2 )

(
1

2
x−

1
2

)
=

cos
√

x

4
√

x sin
√

x

27. skip

28. skip

29. skip

30. skip
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31.

y = x tan−1(4x)

y′ = x
d

dx
[tan−1(4x)] + tan−1(4x)

d

dx
(x)

= x

(
1

1 + (4x)2

)
d

dx
(4x) + tan−1(4x)(1)

= x

(
1

1 + 16x2

)
(4) + tan−1(4x)

=
4x

1 + 16x2
+ tan−1(4x)

32.

y = ecos x + cos(ex)

y′ = ecos x d

dx
(cos x) + (− sin(ex))

d

dx
(ex)

= ecos x(− sin x)− sin(ex)(ex)

= −ecos x sin x− ex sin(ex)

33. skip

34.

y = 10tan πθ

y′ = 10tan πθ(ln 10)
d

dθ
(tan πθ)

= 10tan πθ(ln 10)(sec2 πθ)
d

dθ
(πθ)

= 10tan πθ(ln 10)(sec2 πθ)(π)

= π10tan πθ ln 10 sec2 πθ

35.

y = cot(3x2 + 5)

y′ = − csc2(3x2 + 5)
d

dx
(3x2 + 5)

= − csc2(3x2 + 5)(6x)

= −6x csc2(3x2 + 5)

36. skip
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37.

y = sin(tan
√

1 + x3)

= sin(tan(1 + x3)
1
2 )

y′ = cos(tan(1 + x3)
1
2 )

d

dx
(tan(1 + x3)

1
2 )

= cos(tan(1 + x3)
1
2 )

(
sec2(1 + x3)

1
2

d

dx
(1 + x3)

1
2

)
= cos(tan(1 + x3)

1
2 )

(
sec2(1 + x3)

1
2
1

2
(1 + x3)−

1
2

d

dx
(1 + x3)

)
= cos(tan(1 + x3)

1
2 )

(
sec2(1 + x3)

1
2
1

2
(1 + x3)−

1
2 (3x2)

)
=

3x2 cos(tan
√

1 + x3) sec2
√

1 + x3

2
√

1 + x3

38.

y = arctan(arcsin
√

x)

= arctan(arcsin x
1
2 )

y′ =
1

1 + (arcsin x
1
2 )2

d

dx
(arcsin x

1
2 )

=
1

1 + (arcsin x
1
2 )2

 1√
1− (x

1
2 )2

d

dx
(x

1
2 )


=

1

1 + (arcsin x
1
2 )2

(
1√

1− x

1

2
x−

1
2

)
=

1

2(1 + (arcsin
√

x)2)
√

x(1− x)

39.

y = tan2(sin θ)

= (tan(sin θ))2

y′ = 2(tan(sin θ))
d

dθ
(tan(sin θ))

= 2(tan(sin θ)) sec2(sin θ)
d

dθ
(sin θ)

= 2(tan(sin θ)) sec2(sin θ)(cos θ)
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40. Use implicit differentiation

xey = y − 1
d

dx
(xey) =

d

dx
(y − 1)

x
d

dx
(ey) + ey d

dx
(x) =

dy

dx

xey dy

dx
+ ey(1) =

dy

dx

ey =
dy

dx
− xey dy

dx

ey = (1− xey)
dy

dx
ey

1− xey
=

dy

dx

41. skip

42.

y =
(x + λ)4

x4λ4

y′ =
(x4 + λ4)

d

dx
(x + λ)4 − (x + λ)4 d

dx
(x4 + λ4)

(x4 + λ4)2

=
(x4 + λ4)4(x + λ)3 d

dx
(x + λ)− (x + λ)4(4x3)

(x4 + λ4)2

=
(x4 + λ4)4(x + λ)3(1)− (x + λ)4(4x3)

(x4 + λ4)2

=
4(x4 + λ4)(x + λ)3 − 4x3(x + λ)4

(x4 + λ4)2

=
4(x + λ)3((x4 + λ4)− x3(x + λ)

(x4 + λ4)2

=
4(x + λ)3(λ4 − x3λ)

(x4 + λ4)2

=
4λ(x + λ)3(λ3 − x3)

(x4 + λ4)2

43. skip
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44.

y =
sin mx

x

y′ =
x

d

dx
(sin mx)− (sin mx)

d

dx
(x)

x2

=
x(cos mx)

d

dx
(mx)− (sin mx)(1)

x2

=
x(cos mx)(m)− sin mx

x2

=
mx cos mx− sin mx

x2

45. skip

46. skip

47. skip

48. skip

49. If f(t) =
√

4t + 1 find f ′′(2).

f(t) = (4t + 1)
1
2

f ′(t) =
1

2
(4t + 1)−

1
2

d

dt
(4t + 1)

=
1

2
(4t + 1)−

1
2 (4)

= 2(4t + 1)−
1
2

f ′′(t) = 2

(
−1

2
(4t + 1)−

3
2

d

dt
(4t + 1)

)
= 2

(
−1

2
(4t + 1)−

3
2 (4)

)
= −4(4t + 1)−

3
2

= − 4√
(4t + 1)3

f ′′(2) = − 4√
(4(2) + 1)3

= − 4√
(9)3

= − 4

27
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50. If g(θ) = θ sin θ, find g′′
(π

6

)
g′(θ) = θ

d

dθ
(sin θ) + (sin θ)

d

dθ
(θ)

= θ cos θ + sin θ

g′′(θ) = θ
d

dθ
cos θ + (cos θ)

d

dθ
(θ) + cos θ

= θ(− sin θ) + cos θ + cos θ

= −θ sin θ + 2 cos θ

g′′
(π

6

)
= −

(π

6

)
sin
(π

6

)
+ 2 cos

(π

6

)
= −π

6

(
1

2

)
+ 2

(√
3

2

)
= − π

12
+
√

3
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51. Find y′′ if x6 + y6 = 1. Use implicit differentiation

d

dx
(x6 + y6) =

d

dx
(1)

6x5 + 6y5 dy

dx
= 0

6y5 dy

dx
= −6x5

dy

dx
= −x5

y5

d

dx

(
dy

dx

)
=

d

dx

(
−x5

y5

)
d2y

dx2
=

y5 d

dx
(−x5)− (−x5)

d

dx
(y5)

(y5)2

=

y5(−5x4) + x5

(
5y4 dy

dx

)
y10

=

−5x4y5 + 5x5y4

(
−x5

y5

)
y10

=

−5x4y5 − 5x10

y

y10

=

−5x4y6 − 5x10

y

y10

=
−5x4(y6 + x6)

y11

=
−5x4(1)

y11

= −5x4

y11
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52. Find f (n)(x) if f(x) =
1

2− x

f(x) = (2− x)−1

f ′(x) = −(2− x)−2(−1)

= (2− x)−2

f ′′(x) = −2(2− x)−3(−1)

= 2(2− x)−3

f ′′′(x) = 2(−3)(2− x)−4(−1)

= 2 · 3(2− x)−4

f (4)(x) = 2 · 3(−4)(2− x)−5(−1)

= 2 · 3 · 4(2− x)−5

f (5)(x) = 2 · 3 · 4(−5)(2− x)−6(−1)

= 2 · 3 · 4 · 5(2− x)−6

f (n)(x) = 2 · 3 · 4 · 5 · · ·n(2− x)−(n+1)

= n!(2− x)−n−1

53. skip

54. skip

55.

y = 4 sin2 x

= 4(sin x)2

y′ = 4(2(sin x)
d

dx
(sin x))

= 8 sin x cos x

So the slope of the tangent line is

m = 8 sin
(π

6

)
cos
(π

6

)
= 8

(
1

2

)(√
3

2

)
= 2

√
3

And the equation of the tangent line is

y − 1 = 2
√

3
(
x− π

6

)
y − 1 = 2

√
3x− π

√
3

3

y = 2
√

3x + 1− π
√

3

3
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56.

y =
x2 − 1

x2 + 1

y′ =
(x2 + 1)

d

dx
(x2 − 1)− (x2 − 1)

d

dx
(x2 + 1)

(x2 + 1)2

=
(x2 + 1)(2x)− (x2 − 1)(2x)

(x2 + 1)2

=
2x3 + 2x− 2x3 + 2x

(x2 + 1)2

=
4x

(x2 + 1)2

So the slope of the tangent line is

m =
4(0)

((0)2 + 1)2

=
0

1
= 0

And the equation of the tangent line is

y − (−1) = (0)(x− 0)

y + 1 = 0

y = −1

57.

y =
√

1 + 4 sin x

= (1 + 4 sin x)
1
2

y′ =
1

2
(1 + 4 sin x)−

1
2

d

dx
(1 + 4 sin x)

=
1

2
(1 + 4 sin x)−

1
2 (4 cos x)

= 2 cos x(1 + 4 sin x)−
1
2

=
2 cos x√

1 + 4 sin x

So the slope of the tangent line is

m =
2 cos(0)√
1 + 4 sin(0)

=
2

1
= 2
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And the equation of the tangent line is

y − 1 = 2(x− 0)

y − 1 = 2x

y = 2x + 1

58. Use implicit differentiation

d

dx
(x2 + 4xy + y2) =

d

dx
(13)

2x + 4x
d

dx
(y) + y

d

dx
(4x) + 2y

dy

dx
= 0

2x + 4x
dy

dx
+ 4y + 2y

dy

dx
= 0

4x
dy

dx
+ 2y

dy

dx
= −2x− 4y

(4x + 2y)
dy

dx
= −2x− 4y

dy

dx
=

−2x− 4y

4x + 2y

=
−x− 2y

2x + y

So the slope of the tangent line is

m =
−(2)− 2(1)

2(2) + (1)

=
−4

5

= −4

5

And the equation of the tangent line is

y − 1 = −4

5
(x− 2)

y − 1 = −4

5
x +

8

5

y = −4

5
x +

13

5
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59.

y = (2 + x)e−x

y′ = (2 + x)
d

dx
(e−x) + (e−x)

d

dx
(2 + x)

= (2 + x)e−x d

dx
(−x) + e−x(1)

= (2 + x)e−x(−1) + e−x

= (−2− x)e−x + e−x

= e−x(−2− x + 1)

= e−x(−1− x)

So the slope of the tangent line is

m = e−(0)(−1− (0))

= (1)(−1)

= −1

And the equation of the tangent line is

y − 2 = (−1)(x− 0)

y − 2 = −x

y = −x + 2

60. skip

61. (a)

f(x) = x
√

5− x

= x(5− x)
1
2

f ′(x) = x
d

dx
(5− x)

1
2 + (5− x)

1
2

d

dx
(x)

= x

(
1

2
(5− x)−

1
2

d

dx
(5− x)

)
+ (5− x)

1
2 (1)

= x

(
1

2
(5− x)−

1
2 (−1)

)
+ (5− x)

1
2

=
−x

2
√

5− x
+
√

5− x

=
−x + 2(5− x)

2
√

5− x

=
10− 3x

2
√

5− x
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(b) At the point (1, 2), the slope of the tangent line is

m =
10− 3(1)

2
√

5− (1)

=
7

4

So the equation of the line tangent to f at (1, 2) is

y − 2 =
7

4
(x− 1)

y − 2 =
7

4
x− 7

4

y =
7

4
x +

1

4

At the point (4, 4), the slope of the tangent line is

m =
10− 3(4)

2
√

5− (4)

=
−2

2
= −1

So the equation of the line tangent to f at (4, 4) is

y − 4 = (−1)(x− 4)

y − 4 = −x + 4

y = −x + 8

(c) skip

(d) skip

62. skip

63. skip

64. Find the points on the ellipse x2 + 2y2 = 1 where the tangent line has slope 1. Use
implicit differentiation

x2 + 2y2 = 1
d

dx
(x2 + 2y2) =

d

dx
(1)

2x + 4y
dy

dx
= 0

4y
dy

dx
= −2x

dy

dx
= − x

2y
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To find points at which the slope is 1, we set
dy

dx
= 1

1 = − x

2y
2y = −x

−2y = x

If we substitute this back into the original equation, we will have

(−2y)2 + 2y2 = 1

4y2 + 2y2 = 1

6y2 = 1

y2 =
1

6

y = ± 1√
6

If y =
1√
6
, then x = −2

(
1√
6

)
= − 2√

6
. If y = − 1√

6
, then x = −2

(
− 1√

6

)
=

2√
6
. So

the points where the tangent line has slope 1 are(
− 2√

6
,

1√
6

) (
2√
6
,− 1√

6

)
65. skip

66. skip

67. (a)

h(x) = f(x)g(x)

h′(x) = f(x)g′(x) + f ′(x)g(x)

h′(1) = f(1)g′(1) + f ′(1)g(1)

= (3)(4) + (−2)(5)

= 12− 10

= 2

(b)

F (x) = f(g(x))

F ′(x) = f ′(g(x))g′(x)

F ′(1) = f ′(g(1))g′(1)

= f ′(5)g′(1)

= (11)(4)

= 44
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68. skip

69.

f(x) = x2g(x)

f ′(x) = x2g′(x) + 2xg(x)

70.

f(x) = g(x2)

f ′(x) = g′(x2) · 2x
= 2xg′(x2)

71.

f(x) = [g(x)]2

f ′(x) = 2[g(x)]g′(x)

72.

f(x) = g(g(x))

f ′(x) = g′(g(x))g′(x)

73.

f(x) = g(ex)

f ′(x) = g′(ex)ex

74.

f(x) = eg(x)

f ′(x) = eg(x)g′(x)

75. skip

76. skip
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77.

h(x) =
f(x)g(x)

f(x) + g(x)

h′(x) =

(
f(x) + g(x)

)
d

dx
[f(x)g(x)]− f(x)g(x)

d

dx
[f(x) + g(x)]

[f(x) + g(x)]2

=

(
f(x) + g(x)

)(
f(x)g′(x) + f ′(x)g(x)

)
− f(x)g(x)

(
f ′(x) + g′(x)

)
[f(x) + g(x)]2

=
[f(x)]2g′(x) + f(x)f ′(x)g(x) + f(x)g(x)g′(x) + f ′(x)[g(x)]2 − f(x)f ′(x)g(x)− f(x)g(x)g′(x)

[f(x) + g(x)]2

=
[f(x)]2g′(x) + f ′(x)[g(x)]2

[f(x) + g(x)]2

78.

h(x) =

√
f(x)

g(x)

=

(
f(x)

g(x)

) 1
2

h′(x) =
1

2

(
f(x)

g(x)

)− 1
2 d

dx

[
f(x)

g(x)

]
=

1

2

(
g(x)

f(x)

) 1
2
(

g(x)f ′(x)− f(x)g′(x)

[g(x)]2

)
=

g(x)f ′(x)− f(x)g′(x)

2[f(x)]
1
2 [g(x)]

3
2

=
g(x)f ′(x)− f(x)g′(x)

2
√

f(x)
√

[g(x)]3

79.

h(x) = f(g(sin 4x))

h′(x) = f ′(g(sin 4x))
d

dx
[g(sin 4x)]

= f ′(g(sin 4x))g′(sin 4x)
d

dx
(4x)

= 4f ′(g(sin 4x))g′(sin 4x)

80. skip
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81. skip

82. (a)

x− 4y = 1

−4y = −x + 1

y =
1

4
x− 1

4

Since parallel lines have the same slope, we want a tangent line with slope m =
1

4
.

But the slope of the tangent line is given by

y′ = ex

so we have

1

4
= ex

ln
1

4
= ln ex

ln 4−1 = x

− ln 4 = x

Since y = ex, we have y = eln 1
4 = 1

4
, so the equation of our tangent line is

y − 1

4
=

1

4
(x− (− ln 4))

y − 1

4
=

1

4
x +

1

4
ln 4

y =
1

4
x +

1

4
ln 4 +

1

4

(b) Let the point of tangency be (x, ex). If the tangent line goes through the origin, it
goes through the point (0, 0). Since we have two points on the tangent line we can
compute the slope of the tangent line

m =
ex − 0

x− 0

=
ex

x

But the slope of the tangent line is given by y′ = ex so we have

ex

x
= ex

ex = xex

0 = xex − ex

0 = ex(x− 1)
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So either ex = 0 (which is impossible) or x− 1 = 0. Therefore x = 1. If x = 1, we
have m = e(1) so the equation of the tangent line is

y − 0 = e(x− 0)

y = ex

83. The slope of the line tangent to y = ax2 + bx + c is given by y′ = 2ax + b. At x = −1,
the tangent has slope m = 6, so

2a(−1) + b = 6

At x = 5, the tangent has slope m = −2, so

2a(5) + b = −2

Now we have the system of equations

−2a + b = 6

10a + b = −2

If we subtract the two equations, we have

−12a = 8

a =
8

−12

= −2

3

Since −2a + b = 6, we have

−2

(
−2

3

)
+ b = 6

4

3
+ b = 6

b =
14

3

So we have y = −2

3
x2 +

14

3
x + c. To find c, we know the parabola goes through the

point (1, 4) so we have

4 = −2

3
(1)2 +

14

3
(1) + c

4 = −2

3
+

14

3
+ c

4 = 4 + c

50 = c

Therefore our parabola is

y = −2

3
x2 +

14

3
x
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84. skip

85. skip

86. (a)

f(t) =
√

b2 + c2t2

= (b2 + c2t2)
1
2

v(t) = f ′(t)

=
1

2
(b2 + c2t2)−

1
2

d

dt
(b2 + c2t2)

=
1

2
(b2 + c2t2)−

1
2 (2c2t)

= c2t(b2 + c2t2)−
1
2

a(t) = f ′′(t)

= c2t
d

dt
(b2 + c2t2)−

1
2 + (b2 + c2t2)−

1
2

d

dt
(c2t)

= c2t

(
−1

2
(b2 + c2t2)−

3
2

d

dt
(b2 + c2t2)

)
+ (b2 + c2t2)−

1
2 (c2)

= c2t

(
−1

2
(b2 + c2t2)−

3
2 (2c2t)

)
+ c2(b2 + c2t2)−

1
2

= −c4t2(b2 + c2t2)−
3
2 + c2(b2 + c2t2)−

1
2

=
−c4t2

(b2 + c2t2)
3
2

+
c2

(b2 + c2t2)
1
2

=
−c4t2 + c2(b2 + c2t2)

(b2 + c2t2)
3
2

=
−c4t2 + c2b2 + c4t2

(b2 + c2t2)
3
2

=
c2b2

(b2 + c2t2)
3
2

(b) The particle moves in the positive direction when the velocity is positive. Since the
velocity is

v(t) = c2t(b2 + c2t2)−
1
2 =

c2t√
b2 + c2t2

we can see that the numerator is always positive since t ≥ 0 and the denominator
is always positive, so v(t) is always positive and the particle always moves in the
positive direction.
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87. (a)

f(t) = t3 − 12t + 3

v(t) = f ′(t)

= 3t2 − 12

a(t) = f ′′(t)

= 6t

(b) The particle is moving upward when v(t) > 0 and downward when v(t) < 0. Since

v(t) = 3t2 − 12 = 3(t2 − 4) = 3(t− 2)(t + 2)

we know that
t < −2 −2 < t < 2 2 < t

t− 2 − − +
t + 2 − + +

(t− 2)(t + 2) + − +

So v(t) > 0 when t < −2 and t > 2, but we are only concerned with t ≥ 0, so the
particle is moving upward when t > 2. v(t) < 0 when −2 < t < 2, but we are only
concerned with t ≥ 0, so the particle is moving downward when 0 ≤ t < 2.

(c) From t = 0 to t = 2 the particle is moving downward. From t = 2 on the particle
is moving upward, so the total distance travelled from t = 0 to t = 3 is

|f(0)− f(2)|+ |f(2)− f(3)| = |((0)3 − 12(0) + 3)− ((2)3 − 12(2) + 3)|
+|((2)3 − 12(2) + 3)− ((3)3 − 12(3) + 3)|

= |3− (−13)|+ | − 13− (−6)|
= |16|+ | − 7|
= 16 + 7

= 23

88.-99. skip

100.

lim
x→1

x17 − 1

x− 1

represents the derivative of the function f(x) = x17 at the point a = 1. Since

f ′(x) = 17x16

we have f ′(1) = 17(1)16 = 17.

101.

lim
h→0

4
√

16 + h− 2

h
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represents the derivative of the function f(x) = 4
√

x at the point a = 16. Since

f ′(x) =
1

4
x−

3
4 =

1

4
4
√

x3

we have f ′(16) =
1

4
4
√

163
=

1

32
.

102.

lim
θ→π

3

cos θ − 1

2

θ − π

3

represents the derivative of the function f(θ) = cos θ at the point a =
π

3
. Since

f ′(θ) = − sin θ

we have f ′
(π

3

)
= − sin

(π

3

)
= −

√
3

2
.

103. skip

104. Suppose f is a differentiable function such that f(g(x)) = x and f ′(x) = 1+[f(x)]2.

Show that g′(x) =
1

1 + x2
.

First notice that

d

dx

[
f(g(x))

]
=

d

dx
[x]

f ′(g(x))g′(x) = 1

g′(x) =
1

f ′(g(x))

However, since f ′(x) = 1 + [f(x)]2, we have

f ′(g(x)) = 1 + [f(g(x))]2

But f(g(x)) = x so this becomes

f ′(g(x)) = 1 + x2

So we have our result

g′(x) =
1

f ′(g(x))
=

1

1 + x2

105. Find f ′(x) if it is known that

d

dx
[f(2x)] = x2
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First, notice that
d

dx
[f(2x)] = f ′(2x)

d

dx
[2x] = f ′(2x) · 2

So we have

f ′(2x) =
x2

2

Let t = 2x. Then x =
t

2
and we have

f ′(t) =
( t

2
)2

2

=
t2

4

2

=
t2

8

So

f ′(x) =
x2

8


