Lenarz - Math 121

Review - Chapter 3

(z* — 322 + 5)°
d

3(z* — 322 + 5)2d—( 4 — 32 +5)
i

3(x* — 3% + 5)%(42* — 6)

y = cos(tanx)
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3z — 2

V2x +1
3x — 2

(22 +1)2

@x+m%i

d 1
dz_(?)x —2)—(3z — 2)%[(21’ +1)2]

(@x4—né)2

(20 + 1)4(3) — (32 — 2) B(?x + 1)_§%(2$ + 1)]

2x +1
3@x+né—@x—ml%@x+m—%m}

20+ 1
32z +1)z — 3z —2)(2z + 1)z
20 4+ 1
322+ 1) — (32— 2)
(2z 4+ 1)2
6x+3 — 3z +2
(27 4 1)2
3r +5
(22 +1)2
= 2zva?+1
= 22(2+1)2
= Qxi[(f +1)7] + (22 + 1)%i(2m)
dx dx
= 2 l(952+1)—%i(x2+1> + (22 +1)2(2)
2 dx

1

= z[(2®+1)"2(22)] + 2(2® + 1)2
= 22227 +1)72 +2(z° + 1)2
272
= +2va?+1
vVaz+1
202 +2v/x2 + 1

24+ 1
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e(l}

1+ 22
) - ()
(1+ 22)2

(1 +2%)(e”) — (e)(2)
TEEE

e®(1 + 22 — 2x)

(1+ 22)?
e“(x —1)?
(1+ 22)?

(1+2?)

y = esin 20

0 d
/o sin 260 :
y = e (sin 20)

: d
- sin 20
= e (cos 28—d0 (20))

= "% (cos 26)(2)
= (2cos26)esn %
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10.

11.
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t
1—1¢2
2\ 4 d 2
-0 - aa-e)
(1 —t2)2
(1-)(1) — (1) (=2t)
(1 —¢2)2
1— 24262
(1 —12)2
1+ ¢
(1 —¢2)2
y = sin"'(e%)
VT
1 X
=)
- iE
d, _1 1. d
L h L
x (ei% (—i)) + (e’%)(l)
1 d 1 1
J:<e z%(—x ))—i—e @
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12.

13.

14.
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T _ ST
y = x'e

T d ST ST d T
L) 4 (@) L (a)
= z" (esx%(sx)) + () (ra" 1)

x" (e

x(s>> + 7,,:I:,rflesar:

_ sxresx + rxr—lesx

xT_les’”(sm +7)

= tanvV1—=x

= tan(l — x)%
= sec(1 - x)%%[u —1)%]
= sec’(1—1)? B(l — x)éé(l -
— sec(1 — o)} Bu - x)é(—m]
_sec?(1— )2
2(1 — z)2
B sec? /1 —x
o 2/T-u
v
sin(x — sin z)
[sin(z — sinz)]
—[sin(z — sin x)]_Q%[Sin(x —sinz)]

—[sin(z — sinx)] 72|
—[sin(z — sin )] 72
(1 — cosx) cos(x — sinx)

[sin(z — sin z)|?
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15. Use implicit differentiation

zyt + 2%y x4+ 3y
d, 4 5 d
@(xy + 27y) @($+3y)
d, , 4 d 5 d d, 5 dy
- - - - 14327
v () +y (@) + ot (y) +y () +3-
dy
42 L r) + 222 1y 1+3%Y
x(yd)—i—y()—l—x x—l—y(x) +3dx
dy dy ,dy
T A S, Y A RN Y|
Y d:17+ dx 3dm Y Y
(4ay® + 2* 3)@ 1—y* = 2xy
dx
dy 1—y*—2zy
dx dry + 22 —3
16. skip
17.
B sec 20
vo= 1 + tan 20
(1+ tan 20)i(sec 20) — (sec 20)£(1 + tan 20)
y = db db

(1 4 tan 26)?

(1 + tan 26) (sec 20 tan 20%(29)) — (sec20) <sec2 206%(20))

(1 + tan 20)?

(1 + tan 20)(sec 20 tan 20(2)) — (sec 20)(sec? 20(2))

(1 + tan26)?

2 sec 20 tan 20 + 2 sec 20 tan? 20 — 2 sec? 26

(1 4 tan 26)?
2 sec 26(tan 26 + tan? 20 — sec? 20)
(1 + tan 20)?
2sec20(tan26 — 1)
(14 tan 26)?

The last step uses the fact that tan?6 + 1 = sec? 6.
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18. Use implicit differentiation

z? cos y + sin 2y

d
o (2° cos y + sin 2y)

d d d
2 7 (2 o
x dm(cos y) + cos ydm(x )+ o (sin 2y)

dy d
20 o \9Y s
x( smy)dx + cos y(2z) + cos 2yd (2y)

d dy
—2?sin y—y + 2x cosy + cos 2y P
dx dx
dy dy dy
—2?sin yd— + 2 cos ZyE — x%
dy

— 22 2 cos 2y — 1)—2
(—x?siny + 2cos 2y x)dsn

dy
dx

19.

y = e“(csinz — cosx)

y/ —
T

— 60&3

ecx
e
ecx
(14 *)sinx

(
(
C(l'[
(¢
(1+

20. skip
21.

Ty

d%(xy)

v () +ya ()
fc;i—z +y(1)

:I:;l—z +y

Yy — 2x cosy

Yy — 2x cosy

Yy — 2xcosy

—x?siny +2cos2y — x

—(csinx — cosx) + (csinx — cos x)di(ecx)
x

d

ccost — (—sinz)) + (esinx — cos x)e™ —(cx)

dx

ccosx + sinx) + (csinz — cosx)e(c)
(ccosx +sinz) + ¢(csinz — cos z)]

cosz + sinz + c¢*sinx — ccos )
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22.

23.

24.
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sec(1 + z?)
d

sec(1 + 2?) tan(1 + xQ)d—(l + 2%)
x

sec(1 + 2?) tan(1 + 2%)(2z)

2x sec(1 + 2%) tan(1 + z?)

— (1 _:Cfl)fl
1,2 d -1
= —(1—-27) %(1—23 )

= —(-a) )
—r 21 -2
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25. Use implicit differentiation

sin(zy) = z°—vy

d .. d, 5
%[Sm(fcy)] = %(95 —y)
d dy
- — 9y — -2
cos(zy)——(zy) T =
d d dy
il - — 9y — -2
cos(zy) <’£ W) +y d:c<x)> T
dy dy
= 1 — oy — -2
cos(zy) <de + y( )) T =
dy B dy
x cos(xy)@ +ycos(zy) = 2x— o
x cos(my)g—i + Z—i = 2x — ycos(xy)
dy
xeos(zy) +1)== = 2x—ycos(ry)
dz
dy 2z —ycos(zy)
dr —  xcos(zy) + 1
26.
Yy = A/sinvzx
= (sin x%)%
1
y = i(sinaﬁ)_%%(smx;)
1
= 5(81111‘%)_% COSI;%@;O
= %(sinxé)_é(cosmé) (%x_é)
B cos /T
4\/xsin \/x
27. skip
28. skip
29. skip

30. skip
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31.

32.

33. skip
34.

35.

36. skip

October 17, 2005

rtan ' (4x)

d 1 1 d
w%[tan (4z)] + tan (43&)%(:6)

1 d L
x (W) %(4:10) + tan™ (4z)(1)

1
— | 4 14
x(1—|—16x2>< )+ tan™ " (4x)
4z

m + tan ™! (493)

eCOSZ‘ + COS(el‘)

COosS T d : €T d x
e %(cos x) + (—sin(e ))%(e )

e“®*(—sinx) — sin(e”)(e")

__ cosxT

T sinz — €” sin(e”)

1Otan 70

d
= 10*"7(In 10) @(tan )

= 10"™(In 10)(sec? )
= 10"™(In 10)(sec? )

71027 1n 10 sec? 76

(m0)

m)

= cot(32% +5)
d
= —csc®(32% +5)— (32" + 5
csc(x+)dx(x+)

= —csc?(32% 4+ 5)(6x)
= —6xcsc?(32% +5)

Page 10
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37.
y = sin(tanv'1+ 23)
= sin(tan(l + =z )%)
1 d 1
y = cos(tan(l+ 2°)2) d_ (tan(1 + 2%)2)
T
1 1 d 1
= cos(tan(1 + 2%)2) <sec §d—(1 —|—x3)2>
1 1 d 3
= cos(tan(1 + 2%)2) ( sec*(1 + 2°) (1+x) 2d—(1+x)
x
= cos(tan(1 4z )%) <sec 1+ a3 ) (1—1—95 ) 5(3x2))
_ 3a?cos(tan 1+ 23) sec? V1 + 23
B 2v/1 + 23
38.
y = arctan(arcsin/z)
= arctan(arcsin :17%)
, 1 d
y = (arcsinz?)
1+ arcsmm
- (x%)
1+ arcsmxz %
: ( )
1+ arcsm:cz 2
~ 2(1 + (arcsin \/5) Wl —x)
39.
y = tan®(sind)
= (tan(sinf))?
d
Yy = 2(tan(sin 9>)d9 (tan(sin 0))

= 2(tan(sin 6)) sec?(sin H)dile(sin 0)
= 2(tan(sin 6)) sec*(sin #)(cos §)
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40. Use implicit differentiation

re = y—1
d d
Z ey = Z(y—1
) = y-1)
d d dy
(Y y - 7
xdx(e ) e dm<x> dx
dy dy
vy - 27
et~ +e(1) 7
dy dy
vy — 29 _ v
¢ dr ¢ dr
e = (1- xey)d—y
dx
e¥ B @
1—xzevy  dx
41. skip
42.
(x+ A)?
U
PRV INC 4 244
(@t + M) —(z+ N)* = (2 + A)*—(z* + \)
y/ — dz dx
(x4 )2
d
(@ + MDAz +A) (2 + A) = (v + 1) (42?)
_ x
B (x4 A4)?
_ @ MA@+ ) — (2 + M) (4a?)
B (x4 \4)?
At M (@ + NP — 4P (4 N
B (x* 4 \*)2
A+ NP A) =P (a4 N
B (x4 \1)2
A+ NP =2
B (x* 4+ \*)2
ANz PN -2t
B (x4 \4)?

43. skip
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44.

45.
46.
47.
48.
49.

y =

y =
skip
skip
skip
skip

If f(t) =4t + 1 find f"(2).

f(t)

f'(t)

f”(t)

f//(2)

October 17, 2005

sin mx

x

d . . d
x%(sm mzx) — (sin mx)%(:v)

T2

x(cos mx)%(mx) — (sinmax)(1)

2
x(cosmz)(m) — sinmz

1.2
mx cos mx — sin mx
.CL’2
= (4t +1):
1 1 d
= —4t+1)z2—(4t+1
S+ 1) S+ 1)
1
= 5(41t+1)—%(4)
— 204t 41)"2

= 2 (—%(zu + 1)3%(@ + 1))

- 2 (—%(4t+ 1)3(4))

= —4(4t+1)"2
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50. If g(0) = Osin 0, find g’ <g)
q'(0)

q"(0)

October 17, 2005 Page 14

‘gdié (sinf) + (sin6) die (0)

fcosf +sinf

d d
9@ cos 8 + (cos 6’)@(9) + cos 6
O(—sinf) + cos @ + cos b

—6sinf + 2cosf

- (5)in (5) 25 (5)
T (1 \/g

6 (5) 2 (7)

™
—5 V3
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51. Find y" if 2% + 9% = 1. Use implicit differentiation

d
%(1)

0

(y°)?

d
y®(=5axt) + 2° (5y4£)
Y10
oo s ()
Yo+ By -

Yy
y10
51,10

—5aty® —
Y

410
—5xty5 — 10
Y
410
—5x4(yb + 29)
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. n : 1
52. Find f™(x) if f(z) = S
f(x)
f'(x)
f'x) =
() =
) =
o) =
f"(x) =
53. skip
54. skip
55.
Y
y =

So the slope of the tangent line is

m

2(=3)(2 —2)7(-1)
32 —ax)t
B(=4)(2—2)7(-1)
4(2 —2)7°
A(=5)(2 - 2) " (=1)
52 —x2)7"

-3

3
-3-4-

3-4-5---n(2—x)‘("+1)

4sin’ z
4(sin z)?

4(2(sin x)ali
x

8sin x cos x

(sinz))

And the equation of the tangent line is

- 2i(e-3)

™3
= 2V/3x— —= 3

- 2fx+1—7“f

Page 16
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96.

o7.

x?—1

241
(22 + 1)i(:€2 —1)— (2% - 1)i(x2 +1)
dx dx

(22 + 1)?
(x® +1)(22) — (2% — 1)(2x)
(x241)2
203 + 20 — 223 + 22
(22 +1)2

dx
(22 + 1)?
So the slope of the tangent line is

And the equation of the tangent line is
y—(=1) = (0)(z—0)
y+1 = 0
y = —1

y = V1+4sinz

= (1 —1—4811r1x)é

1 d
5(1 + 4sin:r)_%%(1 + 4sinz)

1
= 5(1 + 4sinx)_%(4 cos )

= 2cosx(l+4sin x)_%
2cosT

v1+4sinx
So the slope of the tangent line is
2 cos(0)

m = ——
1 + 4sin(0)

DO — o

Page 17
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And the equation of the tangent line is

y—1 = 2(z—0)

y—1 = 2z
y = 2x+1
58. Use implicit differentiation
— 4 = —(13
7o (@ day +y7) 7, (13)
d d dy
2r + 4o — —(4 2y— = 0
z + 4o (y) +y-(de) + 2y~
d d
2x+4x—y+4y+2y—y =0
dz dz
dy dy
do—=+2y— = —2x—4
xdx+ ydx T
dy
4o +2y)— = —2x—4
(dz +2y) -~ z— 4y
dy  —2x—4y
de 4z 42y
. —x—2y
 2x4y
So the slope of the tangent line is
=@
2(2) + (1)
4
5
4
5
And the equation of the tangent line is
4
y—1 = —3(I—2)
1 4 +8
p— o __x f—
Y 575
4 13
y = —zr+—

Page 18
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99.

60.
61.

So the slope of the tangent line is

m = e O(=1-(0))

And the equation of the tangent line is

y=2 = (=)= -0

y—2 = —x
y = —x+2
skip
(a)
flz) = avb—=x
= :13(5—x)%
d

Page 19

1 i d
= x(§(5—x) 2%(5—90
- xe(s—x)%(—n) (5— )}
425 - 1)
I W
10 — 3x
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(b) At the point (1,2), the slope of the tangent line is

~10-3(1)
26— (1)
7
!
So the equation of the line tangent to f at (1,2) is
y-2 = H-1)
y—2 = sz — Z_Z
7 1
y= ottt
At the point (4, 4), the slope of the tangent line is
~10-3(4)
25— (4)
—2
T2
= -1

So the equation of the line tangent to f at (4,4) is
y—4 = (=1)(z—4)

y—4 = —x+4
y = —o+8
(c) skip
(d) skip
62. skip
63. skip

64. Find the points on the ellipse 22 + 2y?> = 1 where the tangent line has slope 1. Use
implicit differentiation

42y =1
d
@27 = —(1)

dx
2x+4y@ =0
dx
dy
Ay —2
ydx
dy x

dx 2y
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d
To find points at which the slope is 1, we set Y

dx
R
2y
2y = —x
-2y = x

If we substitute this back into the original equation, we will have

(—2y)° +2¢y* = 1
P +2y° = 1
6y = 1
, 1
Yy = 6 1
Yy = i%
Ify—%,thenx——Z(%) ——%. Ify——%,thenw——Q(—
the points where the tangent line has slope 1 are
2 1 2 1
ww) )
65. skip
66. skip
67. (a)
hz) = f(z)g(x)
W(z) = f(2)g'(z)+ f(x)g(x)
W(1) = f1)g'(1)+ f(1)g(1)
= @+ (=2)6)
= 12-10
= 2
(b)
F(z) = flg(z))
F(z) = [f(g(x))d (z)
F'(1) = f(g(1)g'(1)
= f'(5)g'(1)
= (1D)4)

Page 21
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68. skip
69.
flx) = 2°g(x)
fx) = 2%¢'(z) + 2zg(x)
70.
flz) = g(2?)
fllx) = g'(a?) -2z
= 2ug(z?)
71.
flx) = [g(a)]?
f'(x) 2[g()]g' (x)
72.
f(x) = g(g9(z))
fllx) = 4¢9()d (x)
73.
f(x) = g(e”)
flx) = g'(e")e”
74.
fla) = ™
f(x) /g (x)
75. skip

76. skip
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77.

78.

79.

80. skip

F)g()
F@) + 90)
(760 + 9(0)) L @)9(0)] - F@)glo) L 1(0) + g(o)]
@)+ 9@P
(70 + 50 ) (701 + F2)a(0)) = Flolate) (70 + o))

[f(x) + g(2)]?

[f(@)]2g (x) + ['(2)]g(x)]?
[f () + g(x)]?
_ (g :
9(x)
oy _ L(f@\2 d [f()
wie) = 2(g<x>) an [gm}
1 (9@’ (9(@)f'(@) — f(2)g(z)
-3 (5m) ()
_ 9@)f'(@) — @)y ()
2[f(2)]2[g(x)]2
(@) f'(x) — fla)g (x)
2/F(@)/T9(@)]

M) = flolsindz))
F(glsin 42)) - [g(sin 4r)

f'(g(sin4z))g' (sin 4x) % (4x)
41" (g(sindx))g'(sin 4x)

=
S
S~—
I
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81. skip
82. (a)
x—4y
— 4y
Y

October 17, 2005

Page 24

=1

= —x+1
1 1

= —-r — —
4 4

1
Since parallel lines have the same slope, we want a tangent line with slope m = R

But the slope of the tangent line is given by

y =e€
so we have
1 X
- = e
4
1
In—- = Ine”
ny ne
In4™*
—In4
Since y = e, we have y = ehi = i, so the equation of our tangent line is
1 1
y—1 = - (~na)
1 1 1
-—= = - —In4
Y 1 4$—|—4 n
1 1 1
= - —In4+ -
y 4x+4 n +4

Let the point of tangency be (x,e”). If
goes through the point (0,0). Since we
compute the slope of the tangent line

m

the tangent line goes through the origin, it
have two points on the tangent line we can

et —0
z—0
ex
T

But the slope of the tangent line is given by 3’ = e® so we have

e
i
et

o O

x

e

ze®

ze® — e
e“(x —1)
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So either e = 0 (which is impossible) or x — 1 = 0. Therefore x = 1. If z = 1, we
have m = e(!) so the equation of the tangent line is

y—0 = e(z—0)
y = ex

83. The slope of the line tangent to y = az? + bx + ¢ is given by v = 2ax +b. At z = —1,
the tangent has slope m = 6, so

20(-1)+b=6
At x =5, the tangent has slope m = —2, so

2a(5) +b= -2
Now we have the system of equations

—2a+b = 6

10a+b = -2

If we subtract the two equations, we have
—12a = 8

a = —=

Since —2a + b = 6, we have

2 14
So we have y = —51:2 + E:c + ¢. To find ¢, we know the parabola goes through the

point (1,4) so we have

2 14
4 = —Z(1)*+=(1
S+ () + e
4 2+14+
= ——+4+—+c
3 3
4 = 4+c¢
50 = ¢
Therefore our parabola is
2, 14
Yy=—-x" + -
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84. skip
85. skip
86. (a)
ity = VBt

= (B +c*):
o(t) = f'(t)
= hw+8ﬂyﬂﬁw+éﬁ
2 dt
- ;w+8ﬂr%%%
— At + )
at) = f'(t)

d
= (0 A7+ (0P + A2

d
2 12 22—§d 2 2,2 2 2,2\—1/ 9
= ¢t —§(b + c°t%) 25(6 + ) | + (0% 4+ c*t7) 2 ()
1 : 1
= <—§(b2 + 02152)_3(20215)) + (b 4 t?) 2
= PO+ )T+ AW+ AP
4t2 2

—C C

5+ 1
(b2 + 22)3 (B2 + 22)3
—cM? + A (B + Pt?)
(b2 + 22)2
—cM? + PV 4 P
1)
262

C
(b2 + c22)3

(b) The particle moves in the positive direction when the velocity is positive. Since the
velocity is
2t
we can see that the numerator is always positive since ¢ > 0 and the denominator
is always positive, so v(t) is always positive and the particle always moves in the
positive direction.

v(t) = AAt(b* + c2t2)_% =
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87.

(a)
fit) = *—12t+3
(t) = f'(t)
= 3t* —12
f(t)
6t

Q
—~

~
N—

Il

(b) The particle is moving upward when v(¢) > 0 and downward when v(¢) < 0. Since
v(t) =37 —12=3(t> —4) = 3(t — 2)(t + 2)

we know that
t< =2 | -2<t<2|2
t—2 — —
t+2 — +
(t—2)(t+2) + =

++ +| A

So v(t) > 0 when t < —2 and ¢ > 2, but we are only concerned with ¢ > 0, so the
particle is moving upward when ¢ > 2. v(t) < 0 when —2 < ¢t < 2, but we are only
concerned with ¢ > 0, so the particle is moving downward when 0 < ¢ < 2.

(¢) From ¢t = 0 to t = 2 the particle is moving downward. From ¢ = 2 on the particle
is moving upward, so the total distance travelled from ¢t =0 to ¢t = 3 is

[F(0) = f@I+1£2) = fFB)] = [((0)" =12(0) +3) — ((2)* — 12(2) + 3)|
+H((2)? = 12(2) +3) = ((3)* = 12(3) + 3)|
= B=(=B)[+]-13-(-06)

= [16] +[— 7|
= 164+7
= 23
88.-99. skip
100.
|
lim
z—1 r—1

represents the derivative of the function f(x) = z'7 at the point @ = 1. Since

f'(x) = 172"
we have f/(1) = 17(1)1% = 17.
101.
V16 +h —2
lim ———

h—0 h
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represents the derivative of the function f(x) = /x at the point a = 16. Since

1 3 1
/ = —7r 1 =
we have f/'(16) = L _1
C4V168 32
102. ]
cosf — 3
lim ——*=

3

T
represents the derivative of the function f(#) = cosf at the point a = 3 Since

7'(6) = —sind
we have f’ (g) = —sin <%> = —?.

103. skip

104. Suppose f is a differentiable function such that f(g(z)) = x and f'(x) = 1+[f(z)]*.

1
Show that ¢'(z) = e
x

First notice that

|| = g
flg(z)d(z) = 1
, B 1
9 = Faw)

However, since f'(x) =1+ [f(x)]?, we have

So we have our result
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First, notice that

d , d ,
L f(x)] = f'(22) 5 [2a] = f'(20) -2
So we have )
f'(2r) = —
Let t = 22. Then z = % and we have
(5)°
= 2/
2
_ 4
2
t2
)
So
72
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