Lenarz - Math 121 Review - Chapter 2 September 28, 2005

i. 0
ili. Does Not Exist (the left and right limits are not equal)
iv. 2
v. Does Not Exist (or co)
vi. Does Not Exist (or —o0)
vii. 4
viil. —1
(b)y y=4and y = —1
(c) x=0and z =2
(d) z = —3 (jump discontinuity), z = 0 and x = 2 (infinite discontinuity), and = = 4
removable discontinuity)

2. Just one example of a possible graph:

lime®™® = ¢!*~1
rx—1
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4.
) x?2—9 (3)2 -9
lim =
=3 12 + 2x — 3 (3)2+2(3)—3
T 12
=0
5.
2 -9 (x —3)(z +3)
TR . S P
o3 2% 1 27 — 3 s (x —1)(z +3)
. o x—3
= lim
z—-3gx —1
~(=3)-3
(-3 -1
=6
4
3
2
6.
I 2 -9 -8 ~
m —— = — — —
z—1t £L'2 + 20 — 3 0
7.
(=13 +1 . R —3h*+3h—1+1
lim ——— = lim
h—0 h h——0 h
. h3—3h*+3h
= lim—+———
h—0 h
= lim(h2 —3h+3)
h—0
= (0)>-3(0)+3
= 3
8. skip
9.
G
r—9 (7’ — 9)4 0
10.
| 4—wv _ oy 4—w
ot [d—v] oot —(4—0)
= lim —1
v—4+



Math 121 - Chapter 2 September 28, 2005

11.
4 —
lim \/5 =
s—16 s — 16
12.
o v?+20—38
lim =
v—2 ot —16
13.
lim ’J: _ 8|
z—8~ T — &

14. skip

i A= VDA VB)
s—16 (s — 16)(4 + /s)
lim 10— 5
s—16 (s — 16)(4 + /5)
lim —(s — 16)
s—16 (s — 16)(4 + /s)

) —1
5121116 4+ /s
b
4+ V16

1

8

i (0= 2+
v—2 (v2 4 4)(v? — 4)

lim (v—2)(v+4)

v—=2 (V2 +4)(v —2)(v+2)
lim v+4
B ) +2)
(2)+4
((22+4)((2) +2

= lim ——(x _ 8)
z—8 T —8
= lim —1

r—8~
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15.
1 =1 =22
im ——
x—0 x

16.
VI +2—+2z

lim

T2 12 — 2%
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L-VI—P)(1+VI— )

lim
z—0 z(14+ V1 — x?)
. 1—(1-2?
lim
2=0 (1 + 1 — 22)
72
lim
2=0 2(1 4+ /1 — 22)
x
lim ————
=0 ] 4 /1 — 22
0
1+ 4/1—(0)2
0
2
0

lim (Vr +2 — V22)(Vo + 2+ V2x)
=2 (12— 22)(Vx + 2+ V2x)

lim (x +2) — (2x)

=2 z(x — 2)(Va + 2+ V2x)
L P
N Eavo
= w(\/x—+f1+ V2z)
O T2+ 20)
2(2_i 2)
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17.
1422 — a2
Iim —mM—
z—oo | — 1 + 222
18.
bt —a? 42
lim ——M—
r——o0 203 + 1 —3
19.
. 2 -9
lim
20. skip
21. skip

22. skip
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23.
24.
25.

26.
27.
28.
29.
30.

skip

skip

Notice that

and

lim(2z —1)=2(1) —1=1

x—)l

limz® = (1) =1

r—1

Since 2z — 1 < f(z) < 2%, by the Squeeze Theorem, lirq flz)=1

skip
skip
skip
skip

skip

(a) 1.
ii.
iii.
iv.
V.

vi.

lim f(z)= lim (3—2)=3—-(0)=3

z—0t z—0t
111517 f(x) = h%{ vV—r=+/—(0)=0

liH(l) f(z) does not exist because the left and right limits are not the same.
r—

lim f(z)= lim(3—2)=3-(3)=0

r—3~ r—3~
. o . . 2 . 2
lim f(x) = lim (¢ = 3)° = ((3) =3 =0

lim f(z) =0

(b) f is discontinuous when = = 0 (because the limit does not exist) and when = = 3
(because the function is not defined there)

6Ty
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32. (a)

33. skip

When z = 2 we have

lim g(x) = lim (27 —2%) =2(2) — (2)> =0

T—2~ r—2~

and
lim g(z) = lim (2—2)=2—-(2)=0

r—2t r—2t

So lim, .2 g(z) = 0 = ¢(2), and ¢ is continuous at 2 (and hence continuous from
the left and right).
When = = 3 we have

lim g(z) = lim (2—2)=2—-(3)=—1

w3~ w3~
and

Tim g(x) = lim (¢ —4) = (3) ~ 4= 1
So lim, .3 ¢g(x) = —1 = ¢(3), and g is continuous at 3 (and hence continuous from

the left and right).
When z = 4 we have

lim g(z) = lim (x —4)=(4) —4=0
T—4- r—4~
and
xligl‘*‘ g(flf) - :Eligll‘* =
So lim,_.4 g(z) does not exist, and ¢ is not continuous at 4. Since lim, 4~ g(x) #
f(4) and lim, 4+ g(x) = g(4), g(x) is continuous from the right but not the left at
r=4.

Y
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34.
35.

36.

37.

38.

skip

flx) =223+ 2% +2
Notice
f(=2) =2(-2)*+ (-2)* +2 = —-10
and
f(=1) =2(-1P+(-1)*+2=1

By Intermediate Value Theorem, there exists a number ¢, —1 < ¢ < 2 so that f(c) = 0.
fx)y=e" -z

Notice
f(0) =€ —(0)=1

and ,
f(1)=e W — (1) ~ —0.642
By Intermediate Value Theorem, there exists a number ¢, 0 < ¢ < 1 so that f(c) = 0.

(a) The derivative of y = f(x) when x = 2 is the slope of the line tangent to y at (2, 1).

h—0 h
_ 21 19 _ 2
i 9202407 -9 - 2(2)7)
h—0 h
9—-8—8h —2h%—1

(b) The line tangent to y = f(z) at (2,1) has slope —8 so its equation is

y—1 = (=8)(z—2)
y—1 = —8r+16
y = —8x+17

The slope of the line tangent to y = f(z) at x = a is f'(a). For x = a, the slope of the
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tangent line is

fla+h) = f(a)

/ . .
fla) = lim h
2 2
— Im [173(a+h)] B [173((1)]
h—0 h
2 2
o . 1—3a—3h 1—3a
= h
y 2(1 — 3a) 2(1 — 3a — 3h) 1
= lim — —
h—0\ (1 —=3a—3h)(1-3a) (1—3a)(1—3a—3h)/ h
~ lim (2 —6a) — (2 — 6a — 6h)
h—0 h(1 —3a)(1 —3a — 3h)
= lim 6h
= 20 h(1 — 3a)(1 — 3a — 3h)
= lim 6
~ h=0 (1 —3a)(1 — 3a — 3h)
B 6
(1 =3a)(1 - 3a— 3(0))
B 6
(1 -3a)?
When z = 0, the slope of the tangent line is f'(0) = w = 6. The point of
2
tangency is (0, f(0)) and f(0) = 1_—3(0) = 2, so the equation of the line tangent to
y = f(z) at (0,2) is
y—2 = 6(x—0)
y—2 = 6z
y = 6x+2
When z = —1, the slope of the tangent line is f/'(—1) = & = § The point
’ (1-3(-1))* 8
2
of tangency is (—1, f(—1)) and f(—1) = T = 5 0 the equation of the line
tangent to y = f(x) at (—1,1) is
1 3
= e —(
)y = (1)
13
Y72 T 8T8
= §a: + z
Y7 38
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39. (a) Average velocity is

displacement
time
i.
s@) —s() _ (1+203)+ %) -1 +201)+ W)
3-1 B 3—-1
37 _ 13
— 4 4
2
= 3 m/s
ii.
B 22y 1)
s(2)—s(1)  (1+20)+5) - (1 +2(1)+ )
2-1 B 2-1
1
= 275 m/s
iii
s(15)—s(1)  (1+2(1.5) + &2 (14 2(1) + 27
1.5-1 B 1.5—1
73 _ 13
_ 16 4
0.5
= 2625 m/s
1v.
s —s(l)  Q+20)+85 a2+ 9
1.1-1 B 1.1-1
1401 _ 13
— 400 4
0.1
= 2525 m/s

(b) The instantaneous velocity of an object with position function s = f(¢) when ¢t = 1
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is given by

40. skip
41. (a)

September 28, 2005

o SR = ()
h—0 h

(1+h)27 (1)2
lim[1+2(1+h)+—4 ] —[1+2(1)+

h—0 h
124 2h 4 2R g
lim

h—0 h,

1
2—4

!
hlir(l) h

lim
h—0 h
3 93
Iim (24 h) 22+ h)] -2 2(2)]
h—0 h
. 8+ 12h+6h*+h*—4—2h —8+4
lim
h—0 h
. 10h + 6Rh? + A3
lim
h—0 h

lim (10 + 6h + h*)
h—0

10 4+ 6(0) + (0)?
10

(b) The line tangent to y = f(z) at (2,4) has slope f’(2) so we have

(c) skip
42. Recall that

y—4 = 10(z —2)
y—4 = 10z — 20

y = 10x —16
f/(a) _ }ILIL% f(a_’_hf)b_f(a)
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so if (21— 64
_l’_ i
! _ .
f(a) = Jim h
f(x) = z° and a = 2 is one possibility. Another possibility is f(z) = (z +2)® and a = 0.
43. skip
44. graph
45. graph
46. graph
47. (a)
_flz+h)— fz)
/ —_
flz) = |im h
ke V3 —=5(x+h)— 35z
h—0 h
b (V3 — 52 — bh — /3 — 5x)(v/3 — 5z — 5h + /3 — 51)
h—0 h(v/3 — b5z — 5h + /3 — 5x)

lim (3 —5x —5h) — (3 — 5x)
h—0 h(y/3 — bx — 5h + /3 — bx)
lim —oh
h—0 h(y/3 — bx — 5h + /3 — 5x)
lim -
h=0 /3 — 5z — 5h + /3 — bz
)
3—5x—5(0)++3—bz
-5
V3 — bz ++/3 -5z
)
23 — bz

(b) Domain of f(z)=+/3— bz is

3 —b5x
15%5

AVARLY,

Tl W o
Vv
&
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5
Domain of f'(z) = ————is
2v3 — 5w
3—5r > 0

3 > ow
5 >

= x
)

(c) skip
48. (a) The horizontal asymptote(s) are found by

dow o 5E L ool 0-1
1m = m = 1m

The vertical asymptotes are places where the function increases or decreases without
bound (where the denominator is zero) so we have a vertical asymptote at x = —3
Notice that

4 —x

lim = —00 (4—2z>0and 3+ x <0)
;t—>—3*3—|—l’
and
4—z
im =00 (4—2z>0and 3+ 2 > 0)
t——3+ 3+
107y

So the graph looks like 7WM

—10+
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107y

(b) The derivative will look like ., , ., | . e T
T

flx+h) - f(x)

h—0 h
d—(z+h) _ 4-a

— 1imw

h—0 h
4—x—h _ 44—z

. 3fzth 3
= |im 2tEth  Stx
h—0 h

L ((4—:B—h)(3+:v) (4— )(3+x+h))
= lim —
o\ (3+z+h)3+z) B+a)B3+xz+h))h
_ lim (12 — 3z — 3h + 4w — 2® — zh) — (12 + 42 + 4h — 3z — x* — xh)
h—0 h(3+z)(3+x+h)
= lim —Th
h—0 h(3+x)(3+x + h)
= lim il
h—0 (3+x)(3+2+h)
B -7
(B4 z)B+z+(0)
B -7
- (B+z)(B+ux)
B 7
T (3+a)
(d) skip
49. The function is not differentiable at + = —4 and = 2 (because it is discontinuous
there), at = 5 (it has a vertical tangent there), and x = —1 (it has a sharp corner

there)



