Lenarz Practice Exam #2 Name:
Math 121 October 27, 2006 Section:

Directions: Answer the following questions on a separate piece of paper. You may not use
a calculator. If you do not show your work, you will receive no credit. CIRCLE YOUR
FINAL ANSWER. IF YOU DO NOT FOLLOW DIRECTIONS YOU WILL BE
PENALIZED! Note: This practice exam is much longer than the actual exam. It is meant
to give an idea of types of questions that will be asked.

1. Calculate 3/
(a) y = (z* —32% +5)3

Solution:
/ 4 2 2 d 4 2
y = 3(z" =32 +5) @( — 3z° +5)
= 3(2* — 32% 4+ 5)*(42° — 61)
(b) y = cos(tanx)

Solution:

y = —sin(tan x)%(tan T)

= —sin(tanz)sec’z

1
3/3:4

Solution:

(c) y=vr+

y = g3

1 4
y = 51,71/2_5%77/3
1 4

2\/5_33x7
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3x — 2
d) = ==
() y V2r +1
Solution:
3x — 2
' = e+
1/2 d d 1/2
(2x 4+ 1)1*— B8z — 2) — (32 — 2)—[(2z + 1)/7]
y/ dx dx

((2.7: + 1)1/2>2

(22 +1)Y2(3) — (32 — 2) B(zx + 1)—1/2%(21- + 1)]

20 +1
32z + 1)Y/2 — (3x — 2) B(zx + 1)1/2(2)}

2r+1
320 + 1D)Y2 — 3z — 2) (2 + 1)71/2

2+ 1

322+ 1)Y2 — (3z — 2)(2x + 1)7Y/2 [ (22 + 1)1/
(@)
32z +1) — (32 — 2)

(22 4+ 1)3/2
6xr+3— 3z + 2

(22 +1)3/2
3r+5

(22 4+ 1)3/2
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Solution:

2 (2% 4+ 1)"/?

d 2 1/2 2 12d
Qxd—[(a: + DY + (x +1)/d (2z)

X X
1 d
2 | = (22 + 1)"V2—(22 + 1) | + (22 4+ 1)V2(2)
2 dx
[(@? +1)72(22)] + 2(2® + 1)
20%(2? + 1)7V2 4 2(2% +1)1/2
222
+2vVa2 +1
2 +1
42 4 2
2 +1

(f) y = esin29

Solution:

o d
y = ¥ _(sin260)

~ d
— sin 20 20— (260
e (cos 7 (20)

= % (cos 20)(2)
= (2cos26)esm%

y = sin~'(e?)

Solution:
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(1) y = e
Solution:
y o= mae 1/m>+<“x>dcfc<x>
= o (e (1)) e
= x(el/x )>+el/x
- e () e

— 6 1/:1:_'_671/:1:
6—1/z(x—1+1)

1
= Ve (— + 1)
x

(i) y = In(cschz)

Solution:
, % (cscbx)
csc Hx
— csc b cot 5z (5z)

cse Hx
—5cse bz cot B

csc bx
= —bcotdx




()
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_ sec20
YT T tan26
Solution:
d d
(1 + tan 20)— (sec 20) — (sec 20)— (1 + tan 260)
y = db de

(1 + tan26)?

(1 + tan 26) (sec 26 tan 20(%(29)) — (sec 20) (8602 20%(20))

(1 4 tan 26)?
(1 + tan 20)(sec 20 tan 20(2)) — (sec 20)(sec? 20(2))
(14 tan 26)?
2 sec 20 tan 20 + 2 sec 20 tan? 26 — 2 sec® 20
(1 + tan 26)?
2 sec 20(tan 20 + tan? 20 — sec? 20)
(1 + tan 20)2
2sec20(tan20 — 1)
(1 + tan20)?

The last step uses the fact that tan?6 + 1 = sec? 6.

y = In(z%e®)

Solution:

/ i (2%€7)

x2e

L) + e L (2?)

z2e®
x2e® + 2xe”
x2e
xe*(x + 2)
r2e®
T+ 2
x

2
= 1+2
xr
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(1) y=e"
Solution:
o d
r e Y
y - d./L' <e )
— 661650
6e””+:z
(m) y = sec(l + z?)
Solution:
/ 2 2y d 2
y' = sec(l+z)tan(l+ 2 )d—(1+x )
x
= sec(1 + z%) tan(1 + 2?)(27)
= 2wsec(l + x?)tan(1 + z?)

(n) y = logs(1 + 2x)

Solution:
J = L1+ 2x)
(14 2x)(Inb5)
2z
(14 2x)(Inb5)

1
(0) y =Insinx — §sin2x

Solution:

d .
, -(sinw) 1 Cd .
pu —_— - 2
Y prge 5 | 2sina— (sinz)

CcosS X .
= — —sinz cosx
sinx
= cotx —sinxcoszx
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(p) y = ztan"!(4x)

Solution:
y = xi[tan’1(4x)]—i—tan’l(élx)i(x)
dz dx

1 d B
=z (m) @(495) + tan™" (42)(1)
1

= (W) (4) + tan~' (4x)

4x
= ——— +tan (4
162 Tt ()

(q) y = In|secbzr + tan 5z

Solution:

, 4 (sec 5z 4 tan 5x)

sec bx + tan d5x
sec 5z tan 5z-L (5z) + sec? bz (5z)
sec bx + tan bx
5sec bx tan bz + 5sec? bx

sec dx + tan 5w
5sec bz (tan 5z + sec bx)

sec bx + tan bz

= dsecdr
(I") y = 10tan7ﬂ9
Solution:
y = 10" (In 10)£(tan 76)
do
= 10" (In 10)(sec? we)d%(we)
= 10" (In 10) (sec? w0) ()

= 710" (In 10) sec® 760
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Solution:

(tIn(t*))"/?
1 ayy—1/2 @ 4
St ()2 (tIn(t"))

%(t In(#4))~1/2 (t%(ln(zﬁ‘*)) + ln(t4)%(t)>
sy (1 () ey

- = (44 @
2 tln(t4)( (t)
44+ In(th)
24/t In(t*)
(t) y = arctan(arcsin /)
Solution:
y = arctan(arcsinz'/?)
/ 1 d : 1/2
y = — (arcsinz/*)

1 + (arcsinz/2)? dx
1

1 i(xlﬂ)
1+ (arcsinz'/2)2 \ | /1 — (21/2)2 da

)

1 1 1
1 + (arcsin z:1/2)? (\/1 —x (5
1

2(1 + (arcsin \/)?)

z(l — )
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2. Find the slope of the line tangent to the curve at the specified point.

(a) y =4sin’z, (%,1)

Page 9

Solution:

y—1
y—1
Yy

4sin® z

4(sin x)?

4(2(sin a:)i(sin x))
dz

8sinx cosx

So the slope of the tangent line is

sin 7)o ()

And the equation of the tangent line is

- wi(e-3)
= 2\/§ZL‘—7T\/§

3
/3

— o1 -3

3
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22 —1
b) y=——, (0,—1
() y =57, (0,-1)
Solution:
2 —1
Y 2+ 1
(2 + 1)1(332 —1) — (22 — 1)i(x2 +1)
y/ dx dx
(1'2 + 1)2
(22 4+ 1)(2x) — (22 — 1)(22)
($2 + 1)2
223 + 22 — 223 + 2x
@1y
4x
EESE
So the slope of the tangent line is
4
I ()
((0)2+1)?
0
1
= 0

And the equation of the tangent line is

y= (=1 = (0)(z—-0)
y+1 = 0
y = —1




Math 121 October 27, 2006 Page 11

(¢c) y=+1+4sinz, (0,1)

Solution:

y = V1-+4sinx

1+ 4sinx)'/?

—~

d
(1 + 4sin x)_l/Qd—(l + 4sinz)
T

(1+4sinz) Y?(4cos )

2cosx

vV1+4sinz

N = DN =

So the slope of the tangent line is

2 cos(0)
1+ 4sin(0)

DO — | no

And the equation of the tangent line is

y—1 = 2(z—0)
y—1 = 2z
y = 2x+1

(d) y=(2+x)e ", (0,2)

Solution:
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So the slope of the tangent line is

m = e O(=1-(0))
= (D=1
= —1
And the equation of the tangent line is

y=2 = (=D(z-0)
y—2 = —x
y = —v+2

3. At what point on the curve y = [In(x + 4)]? is the tangent horizontal?

Solution:

v = [+ P
y = 2[ln(x +4)]

= 2In(zx+4)

2In(z +4)
r+4

To find where the tangent is horizontal, set ¥’ = 0 and solve for x:

2In(z +4)
x+4
2In(z +4) =

In(z+4) =
6lrl(ac—|—4)

= o0 O O O

x+4
r = —3

If z = —3, then
y = (=3 + 4] = In()]2 = 02 = 0

so the tangent is horizontal at the point (—3,0).
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4. (a) Find an equation of the line tangent to the curve y = e that is parallel to the line

r—4y =1
Solution:
r—4y = 1
-4y = —z+1
1 1
= —r — —
Y PR

Since parallel lines have the same slope, we want a tangent line with slope

1
m=. But the slope of the tangent line is given by

y =ec
so we have
1 _ T
1= e
1
In 1 = Ine”
In4=! =
—ln4 =

Since y = e*, we have y = e /4 = i, so the equation of our tangent line is

1 1
y—1 = l@—(-m1)
1 1 1
—= = = —In4
Y1 4x+4n
1 1
Yy = Z$+é_lln4+_

(b) Find an equation of the line tangent to the curve y = e” that passes through the
origin.

Solution: Let the point of tangency be (z,e”). If the tangent line goes through
the origin, it goes through the point (0,0). Since we have two points on the
tangent line we can compute the slope of the tangent line

et —0
m =

z—0

eCE

X
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But the slope of the tangent line is given by ' = e so we have

X

¢

T

e’ ze”
0 ze® — e
0 e“(x—1)

So either e = 0 (which is impossible) or # — 1 = 0. Therefore x = 1. If x =1,

we have m = () so the equation of the tangent line is

e(z —0)

Yy = ex

y—0

5. Suppose that h(x) = f(z)g(x) and F(x) = f(g(z)), where f(2) = 3, ¢g(2)
f'(2) = =2, and f'(5) = 11. Find

(a) h'(2)
Solution:
W(z) = flx)g'(z)+ f(z)g(x)
W(2) = f(2)d(2)+ f'(2)g(2)
= (3)(4) + (=2)(5)
= 2
(b) F'(2)
Solution:
F'(x) f'(g(z))d (x)
F'(2) f'(9(2))g'(2)
= f(5)4)
= (11)(4)
= 44
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6. Find f" in terms of ¢'.
(a) f(z) =2g(x)

Page 15

Solution: Use the product rule:

= 2%g/(x) + 22g(x)

) = 2 fg(a)) + (o) a?

Solution: Use the chain rule:

fle) = ge)e

= 2ug/(«?)

[27]

f(x) = g(g(x))
Solution: Use the chain rule:
flx) = dg9(x)d (x)
f(z) = g(e”)

Solution: Use the chain rule:

f@) = g() L
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Solution: Use the chain rule:

f(z) /g (x)
(g) f(z) =Inlg(z)]
Solution: Use the chain rule:
oy o g2

f(z) =g(Inz)

Solution: Use the chain rule:

d
fa) = (o)
1
= ¢(Inz) (;)
_ ¢(nz)
B x
7. Find % using implicit differentiation.
(a) xy* + 2%y =z + 3y
Solution:
d, 4, 5 d
— — 3
7@y +2%y) 7 (@ +3y)
d, 4 4 d 5 d d, , dy
el el el el 1+ 322
xdx(y)—i-y da:(x)+x d:c(y)+yda:(x) * dx
dy dy dy
4q3 =2 41 2= 2 1+3-2
x(yd>+y()+xdx+y(x) +3
dy —,dy
drpY 2% 3 4o
R v
(4xy® + 2 3)d_y 1—y*— 2wy
dx
d_y 1—y* — 22y
dx Adryd 4+ 22 — 3
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(b) x?cosy + sin2y = xy

Solution:
d d
%(1‘2 cosy +sin2y) = %(:cy)
d d d d d
IQ%(COS y) + cos y%(ﬁ) + @(sin 2y) = x%(y) + y%(x)
. dy d dy
2, ay a )
z( smy)dx + cosy(2z) + cos 2ydx(2y) s y(1)
d d d
—a? siny—y -+ 2x cosy + cos 2y 2% = Y +y
dz dz dz
- dy dy — dy
— 2 - - - — —
T Slnydx+20082ydx xdm Yy — 2x cosy
(—x2siny—|—20082y—x)j—y = y—2xcosy
x
@ B Yy — 2x cosy
dr ~  —x2siny+2cos2y —
(c) sin(zy) = a2* —y
Solution:
d . . d, ,
a[sm(l“y)] = %(9«“ - Y)
d dy
all ) 4
cos(zy) - (zy) T
d d d
costan) (o) + @) = 20—
d d
cos(zy) (xﬁ + y(l)) = 2r— %
d d
x cos(xy)% +ycos(xy) = 2x— %
d d
x cos(xy)d—z + ﬁ = 2z —ycos(zy)
dy
zcos(zy) + 1 o = 22 — ycos(zy)
x
dy 2w —ycos(zy)
dr ~  xcos(xy) +1
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(d) ze¥ =y —1
Solution:
d d
oY) — () —
Taer) = - 1)
dy
oy y @ -
xdx(e ) +e dx(x) dx
dy dy
y &Y v(1) = -2
ze I +e’(1) o
dy dy
y %9y
€ dx v dx
e = (1- xey)@
dx
eY B @
1—xev  dx

8. Find the slope of the line tangent to x? + 4xy + y> = 13 at the point (2, 1).

Solution: Use implicit differentiation
d, , 9 d
— 4 = —(1
@y ) = 2 (13)
d d dy
2 4or— —(4 20— =
T+ :cdx(y)erdx(:c)Jr U 0
d d
90 + 42 L ay v 24 = 0
dx dx
dy dy
do—+2y— = —2x—4
xdm + ydm . 4
d
(4x—|—2y)£ = —2r—4y
dy -2z —4y
dr 4z +2y
=2y
224y
So the slope of the tangent line is
=@
2(2) + (1)
-4
5
B 4
5
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9. Find the points on the ellipse 22 + 2y*> = 1 where the tangent line has slope 1.

Solution: Use implicit differentiation

— 2 = —(1
T2 = (1)
d
2x+4y—y = 0
dx
dy
qy—= = =2
ydx v
@ _ _ %
dr 2y

d
To find points at which the slope is 1, we set d_y =1

x
R

2y
2y = —ux
-2y = x

If we substitute this back into the original equation, we will have

(=2 +2y* = 1
4 22 = 1
6y? = 1
1
2 — -
YT 6
Y
1 1 2 1 1 2

So the points where the tangent line has slope 1 are

(%) ()
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10. If f(t) = VAT + 1 find f7(2).

Solution:

= —(4t+1)7124)
= 2(4t+1)71/2

') = 2 (—%(zu + 1)3/2%(@ + 1))

= 2 (—%(41& + 1)—3/2(4))
= —4(4t+1)732
4
(4t +1)3
4
(4(2) +1)°

e = -

S




Math 121 October 27, 2006 Page 21

11. If g(6) = Osin 6, find ¢ (f)

6
Solution:
(0) = 0-(sind) + (sinf)-2 (0)
FYr = Vgt e
= fcosf +sinf
%m—ei 0+ ( @i@+ 0
g = 0 cos cos 7 cos
= 0O(—sinf) + cosf + cos b
= —@sinf + 2cosb

7)< () 2 ()
@) (9)

- - 4+3

12
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12. Find o" if 2% +¢° = 1.

Solution: Use implicit differentiation
d d
EWGJFZJG) = @(1)
d
61:5—|—6y5d—y ~ 0
T
dy
5 5
7 _§
dx o
dy a°
de P
d (dy\  d x°
de \dz ) — dz Yo
d d
59 s 5% 5
Py y o (=27) = (=2%) o ()
dz? ()2
y5(—5x4) N (5y4dy)
- y10
5t 4 5yt _x_5
x*y° + b’y =
- y10
5 10
5x4y5 v
_ y
Y10
51,10
—5ztyd — ——
Y y
Bl y'o y
—5zty® — 510
- Yyl
~ —ba*(yb 4 )
- y”
—5z4(1)
- yll
5at
— —F
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13. Find f™(z) if f(z) = 5 i -
Solution:
fl@) = 2-2)"
fll@) = =(2-2)7%(-1)
(2-2)7
f'(x) = =2(2-2)7(-1)
= 22-12)7°
f"(@) = 2(=3)2-2)7"(-1)
= 2-32—-2)*
@) = 2-3(=4)2 - 2)7°(-1)
= 2:3-42—-2)°
fOx) = 2-3-4(=5)(2—2)"°(~-1)
= 2:3-4-52—x2)°
f(")(x) 2:3-4-5---n(2—2) (n+1)
n!(2 —xz) "t

14. Calculate 3’ using logarithmic differentiation.

(a) y = (cosx)”

Solution:
Iny In(cos z)*
= zln(cosx)
/
% — di In(cos x)] + In(cos x)%[x]
/
¥y _ ( sy ) + In(cos )
y COS T
/ —
¥y _ ( smx) + In(cos )
y COS T
y/
Z = —xtanz + In(cos )
Yy
y = y(—xtanz + In(cosz))
(cosz)*(—ztanz + In(cos x))
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(b) y— (22 4+ 1)*
2z +1)3(3z —1)°
Solution:
ny = In
Y (2x +1)3(3z —1)°
= In(2* +1)* = In(2z + 1)* — In(3z — 1)°
= 4In(z*+1) —3In(2x + 1) — 5In(3z — 1)
Vo, L@ +1) 4 Le+1) . L3z —1)
y 2241 27 + 1 3r—1
! 2 2
Loog(—=) -3 52
Y 2 +1 2x + 1 3r—1
y 8 6 15
y  a?24+1 2z4+1 3zx-—1
, 8¢ 6 15
O I R TS R Ty
_ (* +1)* 8z 6 15
2+ 13Br—1p5 \22+1 224+1 3r-—1
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Vr+1(2—x)°
(c) y=
(x4 3)7
Solution:
11/2 9 _ 5
Iny = In (z+ D) 72— x)
(x +3)7
= In(z+1)Y2 +In(2 — 2)° — In(z + 3)7
1
= §1n(x—|—1)+5ln(2—:c)—71n(33+3)
d d d
y 1 [glet+]) L5 w22} g@+3)
Yy 2 r+1 2—x x+3
Y 1 1 -1 1
Yy 2<x+1)+ (Q—x r+3
y o 15 7
y  2@+1) 22—z z+3
r 1 5 7
YT V\emr) 27 713
Vo +1(2—x)° 1 5 7
(x +3)7 2+1) 2—2 x+3
(d) y:$esinm
Solution:
Iny = Inze™®
= Ilnz+ Ilne®
= Inx +sinz
/
1
L - —+cosx
Yy x
()
Yy = y|—+tcosx
x
sina}(1 >
= e — +cosx
x
= (1 4+ xcosw)
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15. A particle moves along a horizontal line so that its coordinate at time ¢ is © = V/b? + ¢2t2,
t > 0, where b and ¢ are positive constants. Find the velocity and acceleration functions.

Solution:

(B2 + A2)12
f(t)
%(62‘*— ) 1/2dd(b2 )
%(bZ +2R) (e
EHB? 4 2H2) 12
f"(l‘)
t(b2_|_c 12)-1/2 (b2—|—c2t2)_l/2%(02t)

d
d
At ( (b* + 2t?) 3/25 (b* 4 %t )) + (b* + 02t2)_1/2(02)

At (——(62 t2)73/2(2¢2 t)) e D e
AR ) L R0 4 )
_C4t2 02

(02 + c212)3/2 + (02 + c22)1/2
—cM? + A (B + At?)
(b2 + c242)3/2
—cM? + A2V + M
(b2 + c242)3/2
Ab?
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16. A particle moves on a vertical line so that its coordinate at time ¢ is y = ¢3 — 12t + 3,
t > 0. Find the velocity and acceleration functions.

Solution:
f(t) = t3—12t+3
ot) = f(t)
= 3t? —12
a(t) = f'(t)
= 6t
wr2h
17. The volume of a right circular cone is V = 3 where r is the radius of the base and

h is the height.

(a) Find the rate of change of the volume with respect to the height if the radius is
constant.

Solution:
v w2 dh

dt 3 dt

(b) Find the rate of change of the volume with respect to the radius if the height is
constant.

Solution:
dV.  wh(2r)dr  2wrhdr

dt 3 dt 3 dt

18. The volume of a cube is increasing at a rate of 10 cm®/min. How fast is the surface area
increasing when the length of the edge is 30 cm?

Solution: Let z=edge of the cube, V=volume of the cube, A=surface area of the

av dA
cube. We are told that T 10 cm?®/min. We want to find o when z = 30 cm.

We also have the relationships
V=23 A = 627

We can use these two equations to relate V and A. If we solve each equation for z,
we have

A1/2

_1/1/3 —
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So we have the relationship

which can be written as

So we have

1 dA
A2
2 dt
1A 1/2%

2 dt

have

1244
i
dA
dt

1
—(54
2(5 00)

6L/21/1/3 — AL/2

When z = 30 cm, we have V' = 30 = 27000 cm?® and A = 6(30)% = 5400 cm?, so we

1 qv

_ @l/2iy-2/34Y
OV
6 pdV
3 dt

61/2
T(27000)*2/3(10)

10 - 61/2
(W) (2(5400)*/?%)
4

2 .
e
zom /min

19. A paper cup has the shape of a cone with height 10 cm and radius 3 cm (at the top). If
water is poured into the cup at a rate of 2 cm? /s, how fast is the water level rising when

the water is 5 cm deep?

3h

1
Vzg’ﬂ'

Solution: Let V=volume of water in the cup, h=height of water in the cup, and

r=radius at the water level. So we know that o 2 cm?/s and we want to find

% when A =5 cm. We can relate V', h and r by
L
V= 37r7“ h
but we need to relate V' to h alone. We can find r in terms of h by using similar
triangles
r_h
310

SO T = 10 and our relationship is now

2
"
10

_3_7T3
~ 100
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and so
dV 37 2 dh B 9rh? dh

dt 1007 dt 100 dt

So we have

97(5)? dh
9 = TV 00
100 dt
97 o dt

20. A balloon is rising at a constant speed of 5 ft/s. A boy is cycling along a straight road
at a speed of 15 ft/s. When he passes under the balloon, it is 45 ft above him. How fast
is the distance between the boy and the balloon increasing 3 s later?

Solution: Let z=horizontal distance the boy has traveled since passing under the
balloon, y=height of the balloon, and z=distance between the boy and the balloon.
We know that p J
&z Y
— =15 ft —= =
/s dt

ft
pm 5 ft/s

d
and we want to know — after 3 seconds, that is when z = 15(3) = 45 and y =
45 4 5(3) = 60 We know that

So we have

d
2(45)(15) + 2(60)(5) = 2(75)d—j
1950 = 150%
dt
13ft/s = &




