Lenarz
Math 121

Practice Exam #1
September 25, 2006

Name:

Section:

Directions: Answer the following questions on a separate piece of paper. You may not use
a calculator. If you do not show your work, you will receive no credit. You may not use any
short cut methods to calculate the derivative. CIRCLE YOUR FINAL ANSWER. IF
YOU DO NOT FOLLOW DIRECTIONS YOU WILL BE PENALIZED! Note:
This practice exam is much longer than the actual exam. It is meant to give an idea of types
of questions that will be asked.

(a) f(x)=Inz, g(x) = 2* 9

1. Find fog and g o f and their domains.

Solution:

fog

Dom(f o g)

flg(x))

fa* ~9)

In(2? — 9)
{x:2*-9>0}
{r:2*>9}
{z:|z| > 3}
{z:x>30rax< -3}
9(f(@))

g(Inx)

(Inz)* -9
{z:2z>0}

Solution:

Dom(f o g)

gof

Dom(g o f)
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Solution:

2 —1
Dom(fog) = {x:2*—1#0}
= {z:2*#£1}
= {z: o[ # 1}
= {z:x#1and z# -1}
gof = g(f(z))

Dom(go f) = {z:x#0}

2. Find the exact value of

(a) 10%2%
Solution:
1
log, = = log,27°
8
= -3
(b) logy, 9
Solution:
2
3
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Solution:

logs 1 =0

since log, 1 = 0 for all b > 0.

3. Write the expression as a single logarithm.

(a) 3logyx + 2log,y — 4log, 2

Solution:

3log, x4 2log, y — 4log, 2

log, 2 + log, y* — log, z*

1 x3y2
082 v

(b) 2(10g7$ — log,(z + 1) — log, (2 — 1)>

Solution:

2 (10g7x — log,;(x + 1) — log,(x — 1)) =

T

2108 ((x OG- 1)

2
= log ‘
T\z2 -1
72
= log, —(:1:'2 — 1>2

- 08 xt — 222+ 1

)

2In3 — %111(3:24— 1)

Solution:

1
2In3 — 5111(1:2 +1)

In32 — ln(x2 + 1)1/2

(=)
n —_—
|
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4. Solve for z.

(a) 3% =75
Solution:
3 = 75
logy 3** = logs 75
20 = logy 75
1
xr = §log3 75
= logy 75"/
= log, 5V3
(b) 237% = 625
Solution:
237 = 625
log,2°* = log, 625

3—z = log,625
3—log,620 = =z

(c) logy(x —1) =5

Solution:
logo(x —1) = 5
210g2(m—1) — 25
r—1 = 32
r = 33
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Solution:
logsve —4 = 2
310g3 va—4 32
ver—4 = 9
r—4 = 81
r = 85
5. Evaluate the following limits.
2?2 —9
1
(2) — 2+ 2x—3
Solution:
22 -9 (32 -9
m
e—3 12422 — 3 (3)2+2(3)—-3
12
= 0
22 -9
b) lim ———
) i e —3
Solution: Direct substitution yields
) 2 -9 (1)2 -9
lim —— =
z—1t 1‘2—|—233'—3 (1)2+2(1) -3
-8
0
2> —9
Meaning that lim ——— = —
caning that iy g3 =
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. 4 —zx
lim
e—at |4 —

Solution: Direct substitution yields 8.
means 4 —z < 0. So when z — 47, we have |4 —z| = —(4 — x).

Since v — 4%, we have x > 4 which

. 4 —x
= lim
e—iat —(4 — 1)

= -1

22+ 2x —8

(d) lim T

T—2

22 4+2r -8
lim ——m— =
z—2 1%t —16

Solution: Direct substitution yields %, so we will factor

lim (x+4)(x—2)

Y ey oy

lim (x+4)(x —2)

e—2 (x — 2)(x + 2)(2? 4+ 4)

lim r+4

L ) PRy
(2) +4

((b?) +2)((2)>+4)

A(8)

3

16
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()

(f)

lim VT +2—2x

—2 2 — 2z

Solution: Direct substitution yields 8, so we will multiply by the conjugate

L Ve —V2x

li = lim VIt2o V2 H2+ v
—2 12— 2% a2 x2 — 2 VI+24+ V22
L @+
w2 (22 — 27) (/7 + 2 + V/21)
= lim otz
R S Y PR
1

= lim

v—2 —g(y/x + 2 + /21)
1

~2(V(2) +2+ v2(2))

B 1
- 2(2+2)
B 1
8
bt —at 42
lim ———
a——o0 223 +x — 3
Solution:
53 — 22 4+ 2 Lf”
| —— = lim —%—
:E—1>r—noo 213 +x—3 3:—1>I—noo —2$3;'3I_3
-1+3
= lim —5
1m0 24 7~ s
~5-0+0
24+0-0
)
2

lim In(100 — %)

z—10~

Solution: We can not use direct substitution because we cannot take the log
of zero. However, we can reason that if x — 107, then 22 will be close to, but
smaller than 100. So 100 — 2 will be close to 0 and positive. The natural log of
a small positive number is large and negative (think of the graph of y = Inx).
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So we say lim In(100 — 2%) = —oc0

z—10~

6. Let
V= x <0
flz)=4¢ 3—=x 0<x<3
(x—3)2 >3
(a) Evaluate the following limits

i. lim f(z)

z—0t

Solution: When x — 07, we have x > 0 (but close to 0). So we use the
second rule for the function:

Jim fla) = i (5=
= 3-(0)
3
ii. lim f(x)
z—0~

Solution: When = — 07, we have z < 0 (but close to 0). So we use the
first rule for the function:

lim f(z) = lim V-2

z—0~ z—0~

- V-0
= 0

iii. lim f(z)

z—0

z—0t z—0~

Solution: Since lim f(x) # lim f(z), the limit hH(l) f(z) does not exist.

iv. lim f(x)

x—3+

Solution: When x — 3%, we have x > 3 (but close to 3). So we use the
third rule for the function:

lim f(z) = lim (z—3)?

r—3+ r—3t

= ((3)=3)*
=0
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v. lim f(x)

T—3~

Solution: When x — 37, we have z < 3 (but close to 3). So we use the
second rule for the function:

lirgn_ flz) = lirgl_(?) —x)
- 3-@
0

Solution: Since lim f(x) = lim f(z) =0, se have lin% f(z)=0.

r—3t r—3~

(b) Where is f(x) discontinuous?

Solution: Each “piece” of the function is continuous on its domain, so we only

have to worry about where the pieces might potentially meet, i.e. x = 0 and

x = 3. Since liII(l) f(z) does not exist, the function is not continuous at z = 0.
T—

Notice that f(x) is not defined at x = 3, so the function is not continuous at
x = 3. Thus the points of discontinuity are when z = 0, 3.

(¢) Sketch a graph of f.

Solution:
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0<x <2
2<x<3
3<x <4
T >4

(a) For each of the numbers 2, 3, and 4, determine if ¢ is continuous from the right,
continuous from the left, or continuous at the number.

Solution: For x = 2, we have

lim g(x)

r—2~

lim g(x)

r—27F

So lim g(x) = lim+g(a:)
T—2~ T—2

so g is continuous at x = 2.

For x = 3, we have

= 0, which means lim g(x) = 0. Notice that g(2) =0,

lim g(z) = lim (2—2)
T—37 z—3~
- 2-(3)
= -1
lim g(z) = lim (z—4)
= (3)—4
= -1
So lim g(z) = 1im+g(x) = —1, which means lirrég(x) = —1. Notice that
r—3~ r—3 r—
g(3) = —1, so ¢ is continuous at x = 3.
For x = 4, we have
li = i —4
Aot = Jiple=9
= (4)—4
= 0
o) = Jim s

lim (22 — %)

2(2) — (2)*
0

2-(2)
0

r—2

™
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So lim g(z) # lim g(x), so g is not continuous at x = 4. However since
T—4~ r—4

g(d) =7 = lim g(x), g is continuous from the right at x = 4.
r—4

(b) Sketch a graph of g.

Solution:

-—
20
N
Q\/

8. Find the slope of the line tangent to y = 9 — 222 at the point (2,1). Use that to write
the equation of the tangent line.

f'2)

Solution: The slope of the tangent line to f(z) =9 — 22 when z = 2 is

f2+h) - f(2)

lim
h—0 h

_ 2\ _ o 2
lim (9—2(24h)*) — (9 —2(2)%)
h—0 h

. 9—2(4+4h+n*) -1
lim
h—0 h
. 9—-8—8h—2h*—-1
lim
h—0 h
! —8h — 2h?
hli% h
lim h(—8 — 2h)
h—0 h

}1:3{1)(—8 —2h)

—8—(0)
-8
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So we want the line with slope f’(2)

8 through the point (2, 1), which is

y—1 = —8(z—2)
y—1 = —8x+16
y = —8x+17

9. Find the equations of the tangent lines to the curve

2
1-—3z

Y

at the points where the z-coordinate is 0 and —1.

for f'(x) first:
flz

lim

Solution: We need the derivative at two values of x, so I will compute a formula

f'(x)

h—0

+h) = f(z)
h

2 2

1-3(z+h)  1-3z

lim
h—0

lim

(
(
(

h

2(1 — 32) — 2(1 — 3z — 3h)
(1 =3z —3h)(1— 32)

2 —6x — 2+ 6z +6h

(1 -3z —3h)(1 —Bx))

)

6h
1 —3z—3h)(1—3x)

(

h—0

1 —3x—3h)(1 —3x)

)

6

(1 -3z
6

When our z-coordinate

y_
y_

(1 -3z

is 0, we have f(0) =
Thus when z = 0 we are at the point (0,2) and the tangent line has slope f'(0) = 6.
So the equation of the tangent line at x = 0 is

—3(0))(1 — 3x)

)2

2
1-3(0)

6

= a7 — 0

= 2 and f'(0)

2 = 6(z—0)
2 6x
y = 6xr+2
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When our z-coordinate is 1, we have f(1) = %(1) = —1land f'(1) = m =3
Thus when z = 1 we are at the point (1, —1) and the tangent line has slope f'(1) = 2.
So the equation of the tangent line at x =1 is

3
y=(=1) = -1
+1 5 5
= —r — —
Y 2" 72
3 5
vo= 575
10. Find the derivative of the following
(a) f(z)=2"—2x
Solution:
. fle+h) - f(x)
/ —
flz) = lim h
3 _ 3
— lim [(z+ h)° —2(x + h)] — [2° — 22]
h—0 h
o x® + 32°h + 3xh? + h® — 2z — 2h — 2° + 2z
I h
. 3x?h + 3xzh? + h3 — 2h
= lim
h—0 h
. h(3z* + 3zh + h? — 2)
= lim
h—0 h

lim (32 + 3xh + h* — 2)

372 + 32(0) + (0)* — 2
322 —2
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Solution:
B hm\/3—5(x+h)—\/3—5x
o h—0 h

h
(3 — 5z — 5h) — (3 — bx)

lim
h—=0 h(y/3 — 5x — 5h) + /3 — bx)
—5h

lim
h—0 h(y/3 — bz — 5h + /3 — 5x)
lim -5
h—0 \/3 — bx — bh + /3 — bx
-5
3—5x—5(0)++/3—bzx
5
23— 5

h—0

_ (\/3—5x—5h—\/3—5:v> (\/3—5x—5h+\/3—5x>
T V3 =51 —bh++/3 bz

Solution:

f'(z) = lim

flz+h) = fx)
h

. 3+(z+h) 34z
= lim ———F— "=
h—0 h

= g ((3+x;2})l(3+x))

| _7
= ((3+x+h)(3+x))
-7
Brat (0)B+a)
7

(3+ )2

. 1 /((d—2—-h)(B+z)—(4d—2)3+z+h)
= lim —

h—0 h (B34+z+h)(3+x)
— lm L (12442 — 3z —2* —3h —zh) — (12 +4x +4h — 3z —2* — x
~ h—0h B+z+h)(3+x)




