Proceedings of the 6th International Conference on Differential Equations and Dynamical Systems, (2009) 162-166

DCDIS A Supplement, Copyright © 2009 Watam Press

NONLOCAL INITIAL VALUE PROBLEM FOR FIRST-ORDER
DYNAMIC EQUATIONS ON TIME SCALES

Douglas R. Anderson! and Abdelkader Boucherif?
Department of Mathematics and Computer Science,
Concordia College, Moorhead, MN 56562 USA, Email: andersod@cord.edu

2Department of Mathematical Sciences,
King Fahd University of Petroleum and Minerals,
Dhahran 31261, Saudi Arabia, Email: aboucher@kfupm.edu.sa

Abstract. In this study, conditions for the existence of at least one
solution to a nonlinear first-order nonlocal initial value problem on
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1 Introduction

We are interested in the first-order nonlocal time-scale
initial value problem

a2 (t) = f(t,27(t)),

m

z(a)+ Y ;) =0

Jj=1

te (a, b)qr,

(1.1)

where m > 1 and the points t; € T* for j € {1,2,...,m}
with a <ty <--- <t,, <b;

1+> 7 #0, 3 €ER, je{l,...,m}
j=1

(1.2)

the function f : [a, b]y x R — R is continuous and satisfies

. w(t, |x\)
7 2)] < {p<t>q(|x|>

(1.3)
where w : [a,t,]T x Ry — Ry is integrable and non-
decreasing in its second argument; p : [tm,,blr — Ry is
right-dense continuous; and ¢ : Ry — R is nondecreas-
ing with 1/q integrable on R,. Moreover, we assume that
there exists Ry > 0 such that

(1.4)

I 1
Ry implies — As < —
n > Ry implies ; /a w(s,n)As < 1

and

/tb p(s)As < /I: q((iZ)’ (1.5)

m

-1
where o := (1 + Z;nzl 'yj) ,A=1+|af Z;nzl 751, and
R} = Afatm w(s, Ro)As.

Problem (1.1) extends to general time scales the spe-
cial case T = R; see Boucherif and Precup [5]. There
has of late been interest in first-order problems on time
scales. Anderson [1], Cabada and Vivero [6], Dai and Tis-
dell [7], Otero-Espinar and Vivero [9], Sun [11], Sun and
Li [12], and Tian and Ge [13] all recently consider first-
order boundary value problems on time scales, but none
of them consider the nonlocal problem. For more general
information concerning dynamic equations on time scales,
introduced by Aulbach and Hilger [2] and Hilger [8], see
the excellent text by Bohner and Peterson [3].

It is straightforward to check that problem (1.1) is
equivalent to the following integral equation in Cla, b|p

x(t):/ f(s,:c"(s))As—aZvj/jf(s,x”(s))As.
a j=1 a

This can be viewed as a fixed point problem in Cla, b]p
for the completely continuous operator L : Cla,blr —
Cla, bt given by

Lx(t) :/ f(s,x”(s))As—aZvj/jf(s,x"(s))As.
a =1 a

Notice that L appears as a sum of two integral operators,
one, say of Fredholm type, whose values depend only on
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the restrictions of functions to [a, t;]T,

*O‘i%’ /tj f(s,27(s)) As
Lpa(t) = +f f(s,27(s)) As < b,
faZw/a f(5,27(s)) As
I o)A i3t
and the other, a Voltera type operator,
0 < b,

Lyx(t) = /tt f(s,.ra(s))AS HE A T

m

depending on the restrictions of functions to [t,,b]r.
Thus the growth conditions on the nonlinearity f in the
sequel will be split into two parts, one for the subinterval
containing the points involved by the nonlocal condition,
and the other for the rest of the domain of definition.

To emphasize the generality and flexibility of the time
scale setting, we note the following corollary equations. If
T =27, then fort € {a+1,a+2,--- ,b— 1}, the nonlocal
initial value problem (1.1) takes the form

a(t+1) =ax(t) + f(t,z(t+ 1)),

a)+ > ya(t;) =0,
j=1

tj € {a,a+1,---,b}.

For a discrete domain with nonconstant step size,
take ¢ > 1 and consider the quantum time scale
T = {0,---,¢72,¢1,q,¢%---}. Then for t €
{qa,q?a,--- ,q72b,q~ b}, the nonlocal initial value prob-
lem (1.1) takes the form

2(qt) = o(t) + (¢ = Dtf (t,z(at),
v(a) + > ya(t;) =0, t; € {a,qa,

Jj=1

Y.

2 Existence Results

In what follows, set ||z][4,s = max;c(qp), |2(1)]-

Theorem 2.1 Assume (1.2)—(1.5). Then the nonlocal
initial value problem (1.1) has at least one solution.

Proof: The result will follow from the Leray-Schauder
fixed point theorem once we have proven the boundedness
of the set of all solutions to equations of the form x = ALz
for A € [0,1]. Let x be one such solution. Then for

t € [a,tm]T, we have
m t;
A —aZ'yj/ f(s,27(s))As
j=1 Je
t
—|—/ f(s,27(s))As

m tim
/ |f s, x? |As

1+]al Z ;1
8, 1%l a,t. ) As.

Af

Now we take the maximum over [a, t,,]1 to obtain

|(#)]

IN

IN

tm
fellog, <A [ (s lalas,)As
a

This, according to (1.4), guarantees that

< Ry. (2.1)

[ ]latm

Next, consider ¢ € [ty,, bjr. Then

O] = A-ad oy [ fsan(s)As
j=1 e

—|—/ f(s,27(s))As
A/tm w(s,Ro)As
+ [ pledallao)) As 1= (1),

IN

blr we have p2(t) = p(t)q(|z(t)]) <
p(t)g(e(t)). Since ¢ is continuous and strictly increas-
ing on [ty,, b]T, we have by change of variable (Theorem
5.40 in Bohner and Peterson [4]) that

/W dn _ /t ™ (s)
o(tm) Q(U) tm

and for t € [ty,

() = / p(s)As.

This, together with (1.5), guarantees that ¢(t) < Ry for

all t € [t,, by for some Ry > 0. Consequently, |z(t)] <
R, for all t € [t b]T, so that
[]l¢,,.6 < R (2.2)

If we set R := max{Rg, R1}, then estimates (2.1) and
(2.2) yield ||z]lap < R. QED

Remark 2.2 Ift,, = a, that is if we have the local ini-
tial condition x(a) = 0 in (1.1), then (1.5) is simply the

condztwnf p(s)As < fooqd—z

In the next theorem we modify assumption (1.3) to get
a related existence result.
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Theorem 2.3 Assume that f : [a,blr Xx R — R is con-
tinuous and satisfies for all t € [a,blr and all x € R the
inequality

[f(t,2)] < p(t)g (),

with py := fab p(s)As < +o00 and q : Ry — Ry is contin-
uous and nondecreasing such that

lim supL > Apyg.
n—oo (1)

Then the nonlocal initial value problem (1.1) has at least
one solution.

(2.3)

Proof: First we show that the set S := {z € Cla,b]r : =
ALz for some A € (0,1)} is bounded. For any u € S, we
have

uOl = Al-adoy [ F(sut()As

—|—/atf(s,u"(s))As

g|m§]m/”mwmw@mAs
i=1 @
b
+ [ sl @) s
<

m t;
oY il [ plsass
j=1 a

b
+/p@A%un

Let 1o = ||ul/q,p. Then

lab) -

mo< (lal Xl [ peas
b
+/p@A%q%>
m b
< |1+]qf Z ;] (/ p(S)A8> q (o)
= Apoq (m) -
Hence o
7 0) < Apo. (2.4)

On the other hand, the conditions on g and pg imply that
there exists n* > 0 such that for all n > n* we have

Ui

q(n)

Comparing the last two inequalities we see that ng < n*.
Consequently,

> Apyg. (25)

ullap < 0"

This shows that the set S is bounded. By the Schaefer
fixed point theorem (see Smart [10]) the equation z =

ALz has a solution for A = 1, which is a solution of (1.1).
QED

3 Some Particular Cases

3.1 Nonlinearities with at most linear

growth

In this subsection we show that the existence of solu-
tions to problem (1.1) follows directly from the Schauder
fixed point theorem in the particular case that (1.2)
again holds, and the nonlinearity f satisfies the follow-
ing growth condition in =,

klx|+d:
t <
|f( 7‘7")‘ — {C|Z’|+d:

te [CL, L‘m]qr

t € [tm, b1 (3:1)

for all x € R, provided that k(¢,, —a)A < 1. In this case
(1.3) holds, with w(t,n) = kn+d, p(t) = 1, q¢(n) = en+d,
and

In order to apply the Schauder fixed point theorem, we
seek a nonempty, bounded, closed and convex subset B of
Cla, b]r with L(B) C B. Let x be any element of Cla, b].
For t € [a, tyn]T, we have

m t;
Lo = |~a Yo [ Flsat()as
=1 Ja
t
+/ f(s,a:"(s))As
H.tm’
< A/ ‘f(s,x”(s)ﬂAs
< k(tm — a)A|z||a,,, + d(tm — a)A.
As a result,
”Lxlla,tm < k(tm — a)AHxna,tm +d(tm —a)A. (3.2)

For any constant 5 > 0, recall the delta exponential func-
tion (see Definition 2.30 in Bohner and Peterson [3]) given
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by eg(t,t,,); then for any t € [t,,
—aZ’yj/ f(s,ac"(s))As
=1 e

o[ re)as

,blT we have

[La(t)] =

< k(tm — a)Allzllat,, +d(tm —a)A
—|—/tt (clz(s)| + d) As

< kltm — @) Altllos,,
+d((tm — a)A+b—tm)
w[¢%M&MMﬂﬂ%w¢MAs

< kltm — @) Al|lla,, +do+ Sep(t,tm)]z] s,

B

where do := d((tm —a)A+b—t,,), and the Bielecki-type
norm introduced by Tisdell and Zaidi [14] on time scales
denoted ||z||g is given by

sup
te [t'm 7b]11'

llls = eop(t; tm)]x(t)].

Multiplying by ecg(t, tm) and taking the supremum over
[tm, b]T, We arrive at

Cc
[1Lz]lp < k(tm — a)Allz]la,t,, +do+ BHm”ﬁ- (3-3)

If we consider an equivalent norm on C|a, b]t given by

[ = max {[|z[|a,¢,, €]},

then from (3.2) and (3.3) we have

Lzl < (k(tm — a)A+c/B)|lz]| + di,

where dy := max{dp, d(t,, —a)A}. Since k(t,, —a)A < 1,
there exists a 8 > 0 large enough such that k(¢,, —a)A+
¢/B < 1. Hence there exists a number R > 0 with

(k(tm

Now we take B = {z € Cla,b|r : ||z|| < R}. Inequalities
(3.4) and (3.5) guarantee that L(B) C B, and thus the
Schauder fixed point theorem can be applied.

(3.4)

—a)A+c/B)R+d <R. (3.5)

3.2 Lipschitz nonlinearities

We deal in this subsection with problem (1.1) when the
nonlinearity f satisfies a Lipschitz condition in z of the
form

|f(t, ) — [a, 0],

fty)l <L)z —yl, te 7,y €R,
(3.6)

where ¢ : [a, bl — R is a bounded function. The following

existence and uniqueness result is based on the Banach

contraction principle.

Theorem 3.1 Assume (1.2) and that f(-,x) is measur-
able for all x € R. Assume moreover that f(-,0) is
bounded, and that there exists a bounded function £ such

that (3.6) holds, with
Aty — a)||)a,, < 1.
Then (1.1) has a unique solution x* € Cla,blr such that
(|
Cla, b|t and x,, = Lz, _1 for each n € N.

Proof: Let x,y € Cla, b]r. For t € [a,t,,]T we have

tm
Lo(0) = Ly®] < [Hlasnd [ la(s) = y(s)las
< et Altm — a)llz = ylla,, -
It follows that
I1La = Lylla.t,, < [lat, Altm —a)llz = Ylla,,-  (3.7)
For t € [t,n, blr we have
[La(t) = Ly(t)] < [[€llat,, Altm : —a)llz —yllat,
Uy RECEROIE
< Nllat, At — a)llz = ylla,,,
Wt ot )~ ylo
Consequently,
Lz = Lyllg < |lat, Altm — a)llz = Yllast,,
g,y
so that
€],

ILw—MMS(Mm%A( a)+

Bb)W—yw

Finally, we choose any § > 0 such that

[lla,t Altm = @) + [|€le,. 5/8 <1,

and we apply the Banach contraction principle.  QED

Remark 3.2 Under the assumptions of Theorem 3.1,
condition (3.1) is satisfied with k = | c= 1€+, .05
and d = | £(-,0)la.p-

4 Example

In this section we present an example applying Theorem
2.1.

Example 4.1 For T =R and [a,b] = [0,
initial value problem

1], the nonlocal

€ (0,1),

x'(t) ( ),
{f”(o) 3 (1/3) + x(2/3),0 (4.1)
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where

. 1t €10,2/3],
t,x) = sin (6t

ft,w) =sin (671) 4 Ste[2/3,1),
has at least one solution.

Proof: Considering the function f and its bounds,

w(t, |z|) = |sin(6mt)] - 1 1t €10,2/3],

= owa(ie) = lsimGomn) a2 < v € 23,1]

It is straightforward to calculate the constant values

a=1+1/2+1/4)7" =4/7,

A=1"and Ry = 2. Clearly if we take Ry = 5.2 > 0,
it follows that n > Ry implies
1 2/3 1 2/3
n w(s,n)ds = */ sin(67s)|ds = —
17/0 (s,m) A | sin(67s)] -
< 1_7
A 10’

and

1 1 9
/ p(s)ds = / |sin(67s)|ds = —
2/3 2/3 3m
/°° dn /°° dn 1 147
< _— —2 = = = —.
R} q(n) Ry 7 R 25
Thus (1.2)—(1.5) are all satisfied, so that by Theorem 2.1,

the nonlocal initial value problem (4.1) has at least one
solution. QED

5 Acknowledgements

D. Anderson wishes to thank the organizers for the in-
vitation to speak at the 6th International Conference on
Differential Equations and Dynamical Systems, Morgan
State University, Baltimore, Maryland. A. Boucherif is
visiting the Division of Applied Mathematics, Brown Uni-
versity through a grant from the Arab Fund For Economic
And Social Development, Kuwait. He is grateful to both
institutions and Professor John Mallet-Paret for making
the visit possible.

References

[1] D. R. Anderson, Existence of solutions for first-order multi-
point problems with changing-sign nonlinearity, Journal of
Difference Equations and Applications, 14:6 (2008) 657-666.

[2] B. Aulbach and S. Hilger, Linear dynamic processes with inho-
mogeneous time scale, Nonlinear Dyn. Quantum Dyn. Sys.,
(Gaussig, 1990) volume 59 of Math. Res., 9-20. Akademie
Verlag, Berlin, 1990.

[3] M. Bohner and A. Peterson, Dynamic Equations on Time
Scales, An Introduction with Applications, Birkhauser,
Boston, 2001.

(4]

(5]

(10]

(11]

(12]

(13]

(14]

M. Bohner and A. Peterson, editors, Advances in Dynamic
Equations on Time Scales, Birkhauser, Boston, 2003.

A. Boucherif and R. Precup, On the nonlocal initial value
problem for first order differential equations, Fized Point The-
ory, 4:2 (2003) 205-212.

A. Cabada and D. R. Vivero, Existence of solutions of first-
order dynamic equations with nonlinear functional boundary
value conditions, Nonlinear Anal., 63 (2005) e697—706.

Q. Y. Dai and C. C. Tisdell, Existence of solutions to first-
order dynamic boundary value problems, Inter. J. Difference
Equations., 1:1 (2006) 1—17.

S. Hilger, Analysis on measure chains - a unified approach
to continuous and discrete calculus, Results Math. 18 (1990)
18-56.

V. Otero-Espinar and D.R. Vivero, The existence and approx-
imation of extremal solutions to several first-order discontinu-
ous dynamic equations with nonlinear boundary value condi-
tions, Nonlinear Anal., 68 (2008) 2027—-2037.

D. R. Smart, Fized Point Theorems, Cambridge University
Press, 1974.

J.-P. Sun, Twin positive solutions of nonlinear first-order
boundary value problems on time scales, Nonlinear Anal., 68
(2008) 1754-1758.

J.-P. Sun and W.-T. Li, Existence and multiplicity of posi-
tive solutions to nonlinear first-order PBVPs on time scales,
Computers and Math. Appl., 54 (2007) 861-871.

Y. Tian and W. G. Ge, Existence and uniqueness results for
nonlinear first-order three-point boundary value problems on
time scales, Nonlinear Anal., 69 (2008) 2833-2842.

C. C. Tisdell and A. Zaidi, Basic qualitative and quantitative
results for solutions to nonlinear, dynamic equations on time
scales with an application to economic modelling, Nonlinear
Anal., 68:11 (2008) 3504-3524.

Received June 2008; revised October 2008.

166



