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1. Introduction

In the wake of S. Hilger’s breakthrough introduction of measure chains [1], a steadily diversifying body of literature has
sought to unify, extend, and generalize ideas from discrete calculus, quantum calculus, and continuous calculus to arbitrary
time-scale calculus, where a time scale (measure chain) is simply any nonempty closed set of real numbers. We illustrate
this expansive understanding by extending some continuous results from differential equations to dynamic equations on
arbitrary time scales (unbounded above), thus including as corollaries difference equations and g-difference equations. In
particular, we are concerned with the oscillatory behavior of the second-order nonlinear dynamic equation given by

(r(r)qba(xﬂ(t)))“ +f(£,x7 (1), x*()) =0, t € [to, )y, (1.1)

where T is a time scale unbounded above with t; € T, @, (x) = |x|* 'x with @ > 0, the functionr : T — (0, c0)g is
right-dense continuous, and the function f : T x R> — R is right-dense continuous in the time-scale variable. We will
suppose that the functions r and f are sufficiently smooth to ensure that (1.1) always has solutions that are continuable on
all of [tg, co) . Throughout this work a knowledge and understanding of time scales and time-scale notation is assumed; for
an excellent introduction to the calculus on time scales, see Bohner and Peterson [2,3] and Kaymakcalan, Lakshmikantham,
and Sivasundaram [4].

Eq. (1.1) is studied extensively by Wang [5] for the case when T = R and « = 1; see also Giivenilir and Zafer [6]. Related
discussions can be found by Nasr [7] and Wong [8], who study the oscillation of

() (&) + O] 'x(6) = f(©),

and an extension of this work by Sun [9] to the equation

X'(6) + p@OIX(T ()| x(x (1) = f(©).
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In a related work, Cakmak and Tiryaki [ 10] consider oscillation for the forced equation

X'(0) + pOf (x(z(£))) = a(0).

See also Li and Zhu [11], and Wong [12].

Recently there have also been numerous papers on second-order nonlinear dynamic equations on time scales. For a
sampling of the work done on second-order equations, see the monograph by Agarwal, Grace, and O’'Regan [13]. For a few
examples of work since then, Bohner and Tisdell [ 14] examine oscillation and nonoscillation for

()% (©) + PO (6) = f (1),
Erbe, Peterson, and Saker [15] study the unforced delay dynamic equation
() () + p(Hx(x () =0,
and Saker [16] studies the oscillation of the related forced dynamic equation
()™ (©) + pOf € (©) = ace).
In [17,18] the authors consider the oscillation of the neutral delay dynamic equation
(ra([x(t) + p(t)X(T(t))]A)y)A +f(t,x(8(t))) =0,
while Agarwal, O'Regan, and Saker [19] discuss the oscillatory behavior of the nonlinear perturbed dynamic equation
(rOGA D)) +F (6, x(0) = g(t,x(0), x(0).
Oscillatory criteria for the forced dynamic equation
("XA)A (0) + pOX(T(E)]*'X(T (D) + g [xO (D)) 1P~'x(0 (1)) = f (1)
are analyzed in [20]. Extension of these results to equations of the form
(r@x? (t)l‘”_]XA(t))A + pOXE )P x(T (0)) + gOXO )] 'x(O(1)) = f (D)

is given in [21].

Motivated by these previous results, we herein utilize a generalized Riccati technique and the well-known Young
inequality to ascertain several new interval criteria for the oscillation of (1.1), in other words criteria given by the behavior
of (1.1) on only a sequence of subintervals of [ty, 00)t. These criteria unify, extend, and generalize to arbitrary time scales a
number of extant results.

2. Foundational lemmas

A solution of (1.1) is a nontrivial real function x : T — R such thatx € Crﬁ [T, 00)r and rd, (x2) € Crﬁ[T, oo)r for all
T € Twith T > ty, and x satisfies (1.1). A function x is an oscillatory solution of (1.1) if and only if x is a solution of (1.1)
that is neither eventually positive nor eventually negative. Eq. (1.1) is oscillatory if and only if every solution x of (1.1) is
oscillatory.

Following [5,6,20], define for a, b € [ty, co)r with a < b the admissible set

J(@,b) .= {u € C4la, blr : u(a) = 0 = u(b), u # 0}.

Lemma 2.1. If x is a solution of (1.1) such that the product xx° > 0 on some interval [a, bly C [to, o0)r, then we have the
strict inequality

bl e F(E X7 (0), x4(D) i
/a |:|u ©*" @ —r() [u* (@] :|At <0 (2.1)
forany u € J(a, b).
Proof. Define the Riccati substitution w via

@, (X (1))

D, (x(1))
Using the delta quotient rule and the fact that x is a solution of (1.1), we have

w(t) == —r(t) t € [a, blr.

i) = TOPEDN @O ] (65705 (0)
D (X(£)) Py (x7 (1)) D, (x° (1)) :

(2.2)
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Letu € J(a, b); as

(U Ww)* = u” &, W) w? + ([ul*tH* w, (2.3)
we have
o A
(U@a(u)UJ)A — |ua|a+1‘w _ |uA|ot+]r + G(U, U)), (24)
where
iy Ajetl. ety A o a+1rq)a(XA)(q)a(X))A
Glu,w) =u|“"r—(u*" )7 w4+ |u’| —qﬁa(x)qﬁa(x") (2.5)

On the other hand it can be shown that G(u, w) > 0, and that G(u, w) = 0 if and only if
ut = o, Y(w/ru. (2.6)

The proof consists of two parts depending on whether ¢ is a right-dense or a right-scattered point. Young’s inequality is
employed when t is right-dense, while differential calculus is used when t is right-scattered. For a complete discussion we
refer the reader to [22, Theorem 3.3]; see also [21] for a sketch of the proof.

Now since 1+ /@Jl (w/r) > 0,Eq. (2.6) has a unique solution satisfying u(a) = 0. Clearly, the unique solutionis u = 0.
Therefore, G(u, w) > 0 on [a, b]r. Integrating the inequality (2.4) from a to b and using the fact that u(a) = 0 = u(b), we
obtain

b o A
f {Iu”(t)l““w - |uA(t)|““r(t)} At < 0.

Thus, (2.1) holds. O

Related to (1.1) is the dynamic equation with mixed delta and nabla derivatives

(rd, ()" (©) +f (£, x(©), x*(£)) =0, ¢ € [to, 0O)r. (2.7)

A solution of (2.7) is a nontrivial real function x : T — R such that x € C4[T, co)r and r®, (x?) € C,Z[T, oo)r forallT € T
with T > fo, and x satisfies (2.7). Note that in this case a solution x must satisfy the stronger condition of x € C4[T, co)r
rather than the previous case of x € Crﬁ [T, 0o); to use the formula x4” = xV we need x* to be continuous.

We will show that time-scale modifications of the previous arguments from Lemma 2.1 lead to completely parallel results
for (2.7). To this end, we begin by denoting for a, b € [ty, c0)1 with a < b the admissible set

L(a, b) := {u € Cgla, bly : u(a) = 0 = u(b), u # 0} .

Then we have the following lemma corresponding to Lemma 2.1, where the technique is similar to that found in [20].

Lemma 2.2. If x is a solution of (2.7) such that x°x > 0 on some interval [a, bl C [to, 00)T, then we have the strict inequality
b t, x(t), x2(t p
/ |u(t)|°‘+1w —r@) @) Ve <0 (2.8)
a Py (x(t))
forany u € L(a, b).
Proof. The proof is similar to that of Lemma 2.1. O
Analogous lemmas can be stated for related equations of the form
(r@.x™))" (©) +f (6, (), " (1)) =0, t € [ty, 00}
and

(r@a %)™ (0) +f (t.x(0),x"(©) = 0, ¢ € [, 0)r.

3. The main results

We return to our consideration of (1.1). The structure and content of this section are largely motivated by the special
case when T = Rand @ = 1, found in Wang [5].
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Theorem 3.1. If for some interval [a, b]lr C [ty, 00)r there exists an admissible function u € J(a, b) such that for any
X e Crﬁ ([to, 00), R) with xx° > 0 on [a, b]t we have

b o A
/ [|u" <t)|“+”W - r(t>|uﬂ<t)|““} at=o, (3.1)

then every solution of (1.1) has at least one generalized zero in [a, b]y.

Proof. Suppose there exists a solution x of (1.1) such that xx” > 0 on [a, b]r. Then by assumption there exists a u € J(a, b)
such that (3.1) holds for this particular solution x. From Lemma 2.1, though, we then have that (2.1) holds, a contradiction
of (3.1). O

Theorem 3.2. [fforany T € [ty, 00)r thereexista < b € [T, co)r and u € J(a, b) such that for any x € CrAd ([to, 00)T, R) with
xx° > 0on [a, b] the inequality (3.1) holds, then (1.1) is oscillatory.

Proof. Select an increasing sequence of time-scale points {T; j’i] C [to, 00)r such that T; — oo as j — oo. By supposition,

for each j € N there exist a;, b; € [tg, 00)r with T;j < a; < b; such that (3.1) holds, where the a and b are replaced by a; and
bj, respectively. From Theorem 3.1 every solution x of (1.1) has at least one generalized zero ¢; in [q;, bj]7. Since T; < a; < ¢;
for eachj € N, every solution has arbitrarily large generalized zeros. Hence, (1.1) is oscillatory. O

With selective choices of the function f(t, y, z), using Theorem 3.2 one can derive a number of oscillation criteria that
unify, extend, and generalize a number of existing results. The following corollary is one such case.

Corollary 3.3. Suppose that for any T € [ty, 00)T there exist time-scale points a; < by € [T, 00)r and a; < b, € [by, 00)T,
functions p, q € Cyq ([to, 00)1, R) such that p(t) > 0for t € [ay, bi]r U [az, bolr, (—1)*q(t) = 0 for t € [ay, bi)m k = 1,2,
and

¥ (t.y.2) = p@OlyI*T — q(t)y. t €lar,bilr Ulaz. bly, y #0. z€ R,
If there exists u € J(a;, b;) such that

bi
/ [l @ o —ro [ut @ ac =0, i=1.2,
aj
then (1.1) is oscillatory.

Corollary 3.4. Suppose that for any T € [ty, 00)T there exist time-scale points a; < by € [T, oo)r and a; < b, € [by, 00)T,
functions p, q € Ci4 ([to, 00)T, R) such that p(t) > 0 for t € [ay, b1]t U [az, ba]r, B > «, q has different signs on [ay, by]r and
[az, ba]r, and

¥f(t.y.2) = p@OlyIPT —q(t)y, t€lar,bilyUlas, bolr, y#0, z€R.
If there exists u € J(a;, b;) such that
b; bi
B -t [0 po g oz [ il an =12
a; a;
then (1.1) is oscillatory.
Proof. On using the inequality
Y2 <+ (0 -1z, y,2€[0,00p, i€ (0, D,
we obtain
PO —a®)y = BB — )PP p)*/Fla(e)|' P ly|* T,
where q(t)y > 0 is arranged by working on the right interval(s). The proof is complete in view of Corollary 3.3. O

Theorem 3.1 is proved with the help of Lemma 2.1. Making use of Lemma 2.2 we easily obtain the following analogous
results.

Theorem 3.5. If for some interval [a, blr C [to, 00)r there exists an admissible function u € L(a, b) such that for any
x € C2 ([ty, 00)T, R) with x’x > 0 on [a, b]r we have

b A
/ ['”“)'MW — () |uv<t>|°‘“} V>0, (32)

then every solution of (2.7) has at least one generalized zero in [a, b]r.
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Theorem 3.6. If forany T € [ty, 0o)r there exista < b € [T, co)y and u € L(a, b) such that for any x € C ([ty, 00)r, R) with
x’x > 0on [a, b]y the inequality (3.2) holds, then (2.7) is oscillatory.

Corollary 3.7. Suppose that for any T € [to, 00)T there exist time-scale points a; < by € [T, co)r and a; < by € [bq, c0)T,
functions p, q € Cyg ([to. 00)r, R) such that p(t) > 0 for t € [a1, bilz U [ay. balr, (—D¥q(t) = 0 for t € [ar, bilr k = 1,2,
and

¥f(t,y.2) = pOIy|**" — q(t)y, t € lar, bilxUlaz, bolr, y #0, z € R.
If there exists u € L(a;, b;) such that

b;
/ [ pe) = o [ Ve z o, i=1.2,
aj
then (2.7) is oscillatory.

Corollary 3.8. Suppose that for any T € [ty, 0c0)t there exist time-scale points a; < by € [T, co)r and a; < b, € [by, c0)T,
functions p, q € Ciq ([to, 00)T, R) such that p(t) > 0for t € [ay, b1]t U [az, b2]T, B > «, q has different signs on [ay, by]t and
[az, by]r, and

¥ (t.y.2) = pO)IyIP! — q(t)y. telar,bilyUlay, bolr, y #0, z € R.
If there exists u € L(a;, b;) such that

b; bi
B(B — a)/F1galF f u(©* pO**lg) /P Ve = / @ |u¥ @ ve, i=1,2,

aj aj
then (2.7) is oscillatory.

It should be remarked that one may take ¢ = 0 in Corollaries 3.3 and 3.7, but ¢ = 0 is not allowed in Corollaries 3.4
and 3.8. In fact, the problem when g = 0 is open for any time scale. Another open problem that is of both theoretical and
practical interest is to establish interval oscillation criteria for the case 0 < 8 < «.

4. Delay dynamic equations

Consider the delay dynamic equation

(rO@ex*(£))" + £ (£, X)), x*(©)) =0, ¢ € [to, 0O, (4.1)

where f(t,y,z) : T x R*> — R is right-dense continuous in the time-scale variable t and nondecreasinginy,g : T — Tis
nondecreasing right-dense continuous function such that g(t) < t with lim,_, ., g(t) = oo.

Lemma 4.1. Let x be a solution of (4.1) such that the product xx° > 0 on some interval [a, bly C [tg, o). If
yf(t,y,z) >0, telablr, y#0, z€R, (4.2)

then we have the strict inequality

b o A
/ {|u”(r)|“+1f(t’x(p(tz;(g;)x ®) —r(t) ]uA(t)]a+lj| At <0 (4.3)

forany u € J(a, b), where

8t —g

0= s@

Proof. Proceeding as in the proof of Lemma 2.1, we obtain, in a similar manner to (2.4), the inequality

e f (. x(28(0), x4(1))

P (Wyw)? > |u7| — W2 + G, w), (44)
¢ Py (x7 (1))
where G(u, w) is given in (2.5). As in [20,21], one can easily see that
t
M) - Gy, te @b (45)

X7 (1)
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Using (4.5) in (4.4) we have

(£, x7 (OG(1), x4(D))
Py (x7(t))
The rest of the proof is the same as that given for Lemma 2.1. O

WP, (W)w)? > |u"|"‘+1f — 2“1 4+ G(u, w). (4.6)

Theorem 4.2. If for some interval [a, b]lt C [ty, 00)r f satisfies (4.2) and there exists an admissible function u € J(a, b) such
that for any x € Crﬁ ([to, o)1, R) with xx° > 0 on [a, b]t we have

/ | e et L2 060, X))
a D, (x7 (1))

then every solution of (4.1) has at least one generalized zero in [a, b]y.

—r(®) [u?©" | At >0, (4.7)

Corollary 4.3. Suppose that for any T € [tg, 00)t there exist time-scale points a; < by € [T, 00)r and a, < b, € [by, 00)T,
functions p, g € Ca ([to, 00)7, R) such that p(t) > 0 for t € [ay, b1l U [az, b2 lr, (—1)*q(t) > 0 for t € [ay, bxlr k = 1,2,
and

¥ (t.y.2) = p©OlyI*T — q(t)y. t €lar,bilr Ulaz, bly, y #0, z€ R,
If there exists u € J(a;, b;) such that

bi
f [ ©F* o6 —r© [ut @ | acz 0, i=12,

then (4.1) is oscillatory.

Corollary 4.4. Suppose that for any T € [ty, 00)7 there exist time-scale points a; < by € [T, 0c0)r and a; < b, € [by, 00)T,
functions p, q € Ciq ([to, 00)T, R) such that p(t) > 0 for t € [ay, b]t U [az, b2]t, B > «, q has different signs on [ay, by ]t and
[az, ba]r, and

¥f(t,y,2) = pO)ly1P = q(t)y, t € lar, bily Ulay, bylr, y #0, z € R.
If there exists u € J(a;, b;) such that

b; bi
BB — )Pl qmlP / [u” (O p)*PG(e)*|q(0)| /P At > / r) [ut @) ae, i=1,2,

ai ai
then (4.1) is oscillatory.
Analogous results can be stated for related delay dynamic equations of the form
(reae)” (O +f (£, x(8(0), (D) =0, t € [to, o),
(rea (™) () +f (. x(2(0).x7(©) =0, t € [ty, 00)r,
and
(ra () (©) +f (£, x(2(), x7(©) =0, € [to, 00)r.

References

[1] S.Hilger, Analysis on measure chains—A unified approach to continuous and discrete calculus, Results Math. 18 (1990) 18-56.
[2] M. Bohner, A. Peterson, Dynamic Equations on Time Scales, An Introduction with Applications, Birkhduser, Boston, 2001.
[3] M. Bohner, A. Peterson (Eds.), Advances in Dynamic Equations on Time Scales, Birkhduser, Boston, 2003.
[4] B.Kaymakgalan, V. Lakshmikantham, S. Sivasundaram, Dynamic Systems on Measure Chains, Kluwer Academic Publishers, Dordrecht, 1996.
[5] Q.R. Wang, Interval criteria for oscillation of second-order nonlinear differential equations, J. Comput. Appl. Math. 205 (2007) 231-238.
[6] AF. Giivenilir, A. Zafer, Second-order oscillation of forced functional differential equations with oscillatory potentials, Comput. Math. Appl. 51 (2006)
1395-1404.
[7] A.H. Nasr, Necessary and sufficient conditions for the oscillation of forced nonlinear second order differential equations with delayed argument,
J. Math. Anal. Appl. 212 (1997) 51-59.
[8] J.S.W. Wong, Oscillation criteria for a forced second order linear differential equation, J. Math. Anal. Appl. 231 (1999) 235-240.
[9] Y.G. Sun, A note on Nasr’s and Wong's paper, J. Math. Anal. Appl. 286 (2003) 363-367.
[10] D. Gakmak, A. Tiryaki, Oscillation criteria for certain forced second order nonlinear differential equations with delayed argument, Computers Math.
Appl. 49 (2005) 1647-1653.
[11] X.Li, D. Zhu, Oscillation and nonoscillation of advanced differential equations with variable coefficients, ]. Math. Anal. Appl. 269 (2002) 462-488.
[12] J.S.W. Wong, On Kamenev-type oscillation theorems for second-order differential equations with damping, J. Math. Anal. Appl. 258 (2001) 244-257.



D.R. Anderson, A. Zafer / Applied Mathematics Letters 22 (2009) 1591-1597 1597

[13] R.P. Agarwal, S.R. Grace, D. O’'Regan, Oscillation Theory for Second Order Linear, Half-Linear, Superlinear and Sublinear Dynamic Equations, Kluwer
Academic Publishers, Dordrecht, 2002.

[14] M. Bohner, C. Tisdell, Oscillation and nonoscillation of forced second order dynamic equations, Pacific J. Math. 230 (1) (2007) 59-71.

[15] L. Erbe, A. Peterson, S.H. Saker, Kamenev-type oscillation criteria for second-order linear delay dynamic equations, Dynam. Systems Appl. 15 (2006)
65-78.

[16] S.H. Saker, Oscillation of second-order forced nonlinear dynamic equations on time scales, Electron J. Qual. Theory Differ. Equ. 23 (2005) 1-17.

[17] R.P. Agarwal, D. O'Regan, S.H. Saker, Oscillation criteria for second-order nonlinear neutral delay dynamic equations, J. Math. Anal. Appl. 300 (2004)
203-217.

[18] S.H. Saker, Oscillation of second-order nonlinear neutral delay dynamic equations on time scales, J. Comput. Appl. Math. 187 (2006) 123-141.

[19] R.P. Agarwal, D. O'Regan, S.H. Saker, Oscillation criteria for nonlinear perturbed dynamic equations of second-order on time scales, J. Appl. Math.
Comput. 20 (1-2) (2006) 133-147.

[20] D.R. Anderson, Oscillation of second-order forced functional dynamic equations with oscillatory potentials, . Difference Equ. Appl. 13 (5) (2007)
407-421.

[21] D.R. Anderson, A. Zafer, Interval criteria for second-order super-half-linear functional dynamic equations with delay and advanced arguments,
J. Difference Equ. Appl. (in press).

[22] 0. Dosly, D. Marek, Half-linear dynamic equations with mixed derivatives, Electron J. Differ. Equ. 2005 (2005) 1-18.



	Nonlinear oscillation of second-order dynamic equations on time scales
	Introduction
	Foundational lemmas
	The main results
	Delay dynamic equations
	References


