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¢-DOMINANT AND ¢-RECESSIVE MATRIX SOLUTIONS FOR
LINEAR QUANTUM SYSTEMS

DOUGLAS R. ANDERSON AND LISA M. MOATS

ABSTRACT. In this study, linear second-order matrix g¢-difference equations are
shown to be formally self-adjoint equations with respect to a certain inner prod-
uct and the associated self-adjoint boundary conditions. A generalized Wronskian
is introduced and a Lagrange identity and Abel’s formula are established. Two
reduction-of-order theorems are given. The analysis and characterization of ¢-
dominant and g-recessive solutions at infinity are presented, emphasizing the case

when the quantum system is disconjugate.

1. INTRODUCTION

Quantum calculus has been utilized since at least the time of Pierre de Fermat
[10, Chapter B.5] to augment mathematical understanding gained from the more
traditional continuous calculus and other branches of the discipline [3]. In this study
we will analyze a second-order linear self-adjoint matrix ¢-difference system, especially
in the case that admits ¢-dominant and g¢-recessive solutions at infinity. Historically,

dominant and recessive solutions of linear matrix differential systems of the form
(PX')(t) + Q)X (t) =0

were introduced and extensively studied in a series of classic works by W. T. Reid

[5, 6, 7, 8, 9], and in matrix difference systems of the form
A(PAX(t—1)+Qt)X(t) =0

by Ahlbrandt [1], Ahlbrandt and Peterson [2], and recently by Ma [4]; there the
forward difference operator AX (t) := X (t + 1) — X (¢) was used. We introduce here

an analysis of the quantum (g-difference) system
(1.1) DT (PDyX) (1) + Q) X(t) = 0,
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where the real scalar ¢ > 1 and the ¢-derivatives are given, respectively, by the
difference quotients
i) ="I=8 ana (o) = YOI (D) e/

We will be particularly interested in the case where invertible solutions of (1.1) exist,
and their characterization as g-dominant and/or g-recessive solutions at infinity.

The analysis of (1.1) and its solutions will unfold as follows. In Section 2 we
explore (1.1), show how it is formally a self-adjoint equation, introduce a generalized
Wronskian and establish a Lagrange identity and Abel’s formula. Section 3 contains
two reduction of order theorems, followed in Section 4 by the notion of a prepared
basis. In the main section, Section 5, we give definitions of ¢-dominant and g-recessive
solutions, a connection to disconjugacy, and the construction of ¢-recessive solutions.
Finally, future directions are touched on in Section 6, where a Pdlya factorization of

(1.1) leads to a variation of parameters result.

2. SELF-ADJOINT MATRIX EQUATIONS

Let ¢ > 1 be a real scalar, and let P and ) be Hermitian n x n-matrix-valued
functions such that P(t) > 0 (positive definite) for all

€ (0,00),:={....q % ¢ " 1,q,¢% .. .}.

(A matrix M is Hermitian iff M* = M, where * indicates conjugate transpose.) In

this section we are concerned with the second-order matrix ¢-difference equation
(2.1) LX =0, where LX(t):=D"(PD,X)(t)+Q(t)X(t) =0, te(0,00)
which will be shown to be (formally) self-adjoint.

Theorem 2.1. Let a € (0,00), be fized and X,, X| be given constant n x n matrices.

Then the initial value problem
LX(t)=D*"(PD,X)(t)+Q(t)X(t) =0, X(a)=X,, D,X(a)=X,
has a unique solution.

Proof. For a € (0,00), fixed, expanding out (2.1) we obtain LX (a) = 0 in the form

LX(a) = 357 [P(@) (X(q0) = X(@) = 4Pla/a) (X(a) = X(o/))] + Q)X (a

since P is invertible and

X(a) = X4, X(qa)=X,+alg—1)X],

a
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the term X (a/q) can be solved for uniquely and the unique solution X can be con-
structed to the left of a € (0, 00),. In the same way, LX (ga) = 0 given by

1
q(q —1)%a? :
and again the term X (g%a) can be solved for uniquely and the unique solution X can
be constructed to the right of a € (0, c0),. O

LX(qa) = P(qa) (X (q*a)—X(ga)) —qP(a) (X (qa)— X (a))]+Q(qa) X (qa),

In view of the theorem just proven, the following definition is now possible.
Definition 2.2. The unique solution of the initial value problem
LX =0, X(a)=0, D,X(a)=P '(a)

is called the principal solution of (2.1) (at a), while the unique solution of the initial

value problem
LX =0, X(a)=-I, D,X(a)=0
is called the associated (coprincipal) solution of (2.1) (at a).
Definition 2.3. For matriz functions X and Y, the function W (X,Y') given by
W(X,Y)(t) = X*(t)P(t)D,Y (t) — [P(t)D, X (t)]*Y (t), t € (0,00),
is the (generalized) Wronskian matrix of X and Y.
Lemma 2.4. The product rule for D9 is given by
DUXY)(t) = X(t/q)DTY (1) + (DIX)(1)Y () = X (1) DY (1) + (D' X) ()Y (t/q),

and for D, is given by

Dy(XY)(t) = X(qt)DgY (t) + (D X) )Y (1) = X (£) DgY (t) + (D, X) ()Y (qt),
for matriz functions X and'Y defined on (0, 00),.

Proof. The proof is straightforward using the definitions of D? and D, and is omitted.
O

Theorem 2.5 (Lagrange Identity). The Wronskian matric W (X,Y) satisfies
DIW(X,Y)(t) = X*()(LY)(t) = (LX) ()Y (), 1€ (0,00)q

for matriz functions X and'Y defined on (0, 00),.
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Proof. For matrix functions X and Y, using the product rule for D9 derivatives we

have
D'W(X,Y)(t) = D![X*PD)Y — (PD,X)Y](t)
— X*()DU(PD,Y)(t) + (D'X*)(t)P(t/a) (DY )(
—(PDX)"(t/q)(DTY)(t) = DU(PDX)" ()Y (t)
= X'(O(LY = QY)(t) + (DIX7)(6)P(t/q) DY (1)
—(DIXT) (@) P(t/q) DY (1) — (LX = QX)" ()Y (t)
= XT(OLY)(t) = (LX) ()Y (2)
on (0, 00),. O

Definition 2.6. Let a,b € (0,00), with a < b. We define the g-inner product of n xn

matriz functions M and N on |a,b], to be

1
(2.2) (M,N) = (1 - -) > tM(HN(t), a,b € (0,00),.
q te(a,blq
Since a = ¢, b = ¢°, and t = ¢” for integers a < 7 < 3, the g-inner product is given

by the expression

B
(M,N)=(q—1) Y _ ¢ 'M*(¢)N(q").

T=a+1

Corollary 2.7 (Self-Adjoint Operator). The operator L in (2.1) is formally self-
adjoint with respect to the q-inner product (2.2); that is, the identity

(LX,Y) = (X,LY)

holds provided X,Y satisfy W (X, Y)(t)‘l; =0, called the self-adjoint boundary condi-

tions.

Proof. Let the matrix functions X and Y satisfy W (X,Y)(t) }Z = 0. From Definition

2.3 and Theorem 2.5 we see that Green’s formula holds, namely

(1 - 1) N HDW(X,Y)) (1) = WX, Y)(#)|) = (X, LY) — (LX,Y),

q te(a,blq

and the proof is complete. 0]

Another immediate corollary of the Lagrange identity is Abel’s matrix formula.
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Corollary 2.8 (Abel’s Formula). If X,Y are solutions of (2.1) on (0,00),, then
WX, Y)(t) =C, te(0,00)
where C' is a constant matriz.

Corollary 2.9. If X, Y are solutions of (2.1) on (0,00),, then either W (X,Y)(t) =0
for allt € (0,00),, or W(X,Y)(t) # 0 for all t € (0,00),.
From Abel’s formula we get that if X is a solution of (2.1) on (0, c0),, then
WX, X)(t)=C, te(0,00),
where C' is a constant matrix. With this in mind we make the following definition.
Definition 2.10. Let X andY be matriz functions and W (X,Y') be given as in (2.3).
(i) The matriz function X is a prepared (conjoined, isotropic) solution of (2.1)
iff X is a solution of (2.1) and
WX, X)(t)=0, te(0,00),.
(ii) The matriz functions X and Y are normalized prepared bases of (2.1) iff
X,Y are two prepared solutions of (2.1) with
W(X,Y)(t)=1, te(0,00),.

Theorem 2.11. Any two prepared solutions of (2.1) on (0,00), are linearly indepen-

dent iff their Wronskian is nonzero.

Theorem 2.12. Equation (2.1) on (0,00), has two linearly independent solutions,

and every solution of (2.1) on (0,00), is a linear combination of these two solutions.

Theorem 2.13 (Converse of Abel’s Formula). Assume X is a solution of (2.1) on
(0,00), such that Xt exists on (0,00),. If Y satisfies W(X,Y)(t) = C, where C is

a constant matriz, then Y is also a solution of (2.1).

Proof. Suppose that X is a solution of (2.1) such that X! exists on (0, 00),, and
assume Y satisfies W(X,Y)(t) = C, where C is a constant matrix. By the Lagrange
identity (Theorem 2.5) we have

0= DIW(X,Y)(t) = X*()(LY)(t) — (LX)()Y*(t) = X*()(LY)(t), ¢t € (0,00),.

As (X*)7! exists on (0,00),, (LY)(t) = 0 on (0,00),. Thus Y is also a solution of
(2.1). O
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Theorem 2.14. Assume that X is a solution of (2.1) on (0,00),. Then the following

are equivalent:

(i) X is a prepared solution,
(ii) (X*PD,X)(t) is Hermitian for all t € (0,00),;
(ili) (X*PD,X)(a) is Hermitian for some a € (0,00),.

Proof. Use the Wronskian W and Abel’s formula. O
Note that one can easily get prepared solutions of (2.1) by taking initial conditions
at a € (0,00), so that X*(a)P(a)D,X (a) is Hermitian.

In the Sturmian theory for equations of the form (2.1) the matrix function
X*(t)P(t) X (qt) is important. We note the following result.

Lemma 2.15. Let X be a solution of (2.1). If X is prepared, then
X*(t)P(t)X (qt) is Hermitian for all t € (0,00),.

Conversely, if there is an a € (0,00), such that X*(a)P(a)X (qa) is Hermitian, then
X is a prepared solution of (2.1). Moreover, if X is an invertible prepared solution,
then

Pt)X(¢)X'(t), P)X ()X (qt), and Z(t) := (P(DX)X ') (¢)
are all Hermitian for all t € (0, 00),.

Proof. Let X be a solution of (2.1). Then the relation
(2.3) X (O)P()X(qt) = (X"PX)(t) + (¢ = DUX"P D X)(2)

proves the first two statements of this lemma. Now assume that X is an invertible

prepared solution of (2.1). Then
A" ()P X (gt) = X*(g) P(H)X (1) and  (X*PD,X)(1) = (D X)"PX) (¢)

on (0, 00), by (2.3) and Theorem 2.14. We multiply the first equation in (2.4) from the
left with X*~1(¢) and from the right with X~!(¢) to obtain that P(t)X (¢t)X ~'(t) is
Hermitian. To see that P(¢)X (t)X ~!(qt) is Hermitian, we multiply the first equation
in (2.4) with X*~!(gt) from the left and with X ~1(qt) from the right. Multiplying the
second equation in (2.4) with X*71(¢) from the left and with X~!(¢) from the right
shows that Z is Hermitian. O

Lemma 2.16. Assume that X is a prepared solution of (2.1) on (0,00),. Then the

following are equivalent:
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(i) X*(qt) P(t)X(t) = X*(t)P(t) X (qt) > 0 on (0,00)q;
(ii) X is invertible and P(t)X (qt) X () > 0 on (0,00),;
(iii) X s invertible and P(t)X (£)X ' (qt) > 0 on (0,00),.

Proof. First note that X*(¢t)P(t)X(t) > 0 for t € (0,00), implies that X (¢) is in-
vertible for t € (0,00),. Since X is a prepared solution of (2.1), by Lemma 2.15 we
have
(2.5)

P()X(q)X (1) = X1 ()X (q)P(t),  P(OX ()X (qt) = X (qt) X" () P(1)
for all t € (0,00),. We multiply the right-hand side of the first equation in (2.5) from
the right with (X X~1) (¢) to obtain the equivalence of (i) and (ii). For the equivalence
of (i) and (iii), multiply the right-hand side of the second equation in (2.5) from the
right with (XX ') (qt). The other implications are similar. O

3. REDUCTION OF ORDER THEOREMS

In this section we establish two related reduction of order theorems; first, we need

the following preparatory lemma, which allows us to ¢-differentiate an inverse matrix.

Lemma 3.1. Let t € (0,00),, and assume X is invertible on (0,00),. Then
DIX*Ht) = =X (t/q)(DIX) ()X (1) = =X () (DX)" (1) X" (t/q)

fort € (0,00),.

Proof. Use the product rules given in Lemma 2.4 on the equation X X ! = I. 0

Remark 3.2. Throughout this work it is to be understood that

0= Z M(s) = Z M(s), a€(0,00),

s€la,a)q s€(a,alq

for any matriz function M defined on (0, 00),.

Theorem 3.3 (Reduction of Order I). Let a € (0,00),, and assume X is a prepared
solution of (2.1) with X invertible on [a,00),. Then a second prepared solution Y of
(2.1) is given by
Y(t):= (g = 1)X(t) Y s(X"(s)P(s)X(qs)) ", t€a,00)
s€a,t)q

such that XY are normalized prepared bases of (2.1).
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Proof. For Y defined above, by the product rule in Lemma 2.4 for D, we have
DY =P 'X*'+ (D, X)X'Y.
For W(X,Y') given in Definition 2.3,
W(X,Y) = X*PD,)Y — (PD,X)Y
= X*P(P'X* '+ (D,X)X'Y) — (PD,X)Y
= I+ X*P(D,X)X 'Y — (D, X)*PY
= [+ (X*PD,X — (D, X)PX)X'Y =1
since X*PD, X is Hermitian by Theorem 2.14 (ii). By Theorem 2.13, W(X,Y) = I
guarantees that Y is a solution of (2.1). To see that Y is prepared, note that
Y*PD)YY = Y*P(P'X*" '+ (DX)XY)=Y*'X""+V* (P(D,X)X ") Y
= (XY +YZY =(¢—-1) > s(X*(s)P(s)X(gs))" + Y2V,

s€la,t)q

which is Hermitian by Lemma 2.15 since X is prepared and Z is Hermitian. Conse-

quently, X,Y are normalized prepared bases for (2.1). 0

Lemma 3.4. Assume X,Y are normalized prepared bases of (2.1). Then U :=
XE+YF is a prepared solution of (2.1) for constant n x n matrices E, F if and only
if F*E is Hermitian. If F = I, then X,U are normalized prepared bases of (2.1) if

and only if E is a constant Hermitian matriz.

Proof. Assume X,Y are normalized prepared bases of (2.1). Then by Theorem 2.14
and Definition 2.3,

X*PD,X = (D,X)'PX, Y*PD)Y = (D,Y)'PY, X*PD)Y —(D,X)'PY =I.
By linearity U := X E+ Y F is a solution of (2.1). Checking appropriate Wronskians,
w(u,U) = U*PD,U— (D,U)"PU
= (E'X" + F'Y")P ((D,X)E + (D,Y)F)
—(E*(D,X)"+ F*(D,Y)" ) P(XE+YF)
— E*(X*PD,X — (D,X)'PX)E+ F*(Y*PD,Y — (DY) PY)F
+£* (X*PD,Y — (D, X)*PY)F + F*(Y*"PD,X — (D,Y)"PX)E

= 0+0+ E'IF — F*IE,
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and
W(X,U) = X*PD,U— (D,X)*PU
= X*P[(D,X)E + (D,Y)F| — (D,X)"P[XE +YF] = F.
Clearly the first claim holds. If FF = I, then W(X,U) =1, and U = XE+Y is a

prepared solution of (2.1) if and only if F is a constant Hermitian matrix. O

Theorem 3.5 (Reduction of Order II). Let a € (0,00),, and assume X is a prepared
solution of (2.1) with X invertible on [a,00),. Then U is a second n x n matriz

solution of (2.1) iff U satisfies the first-order matriz equation
(3.1) Dy(X'U)(t) = (X (PO)X(qt))'F, 1 € [a,00),,
for some constant n x n matrix F iff U is of the form

(32) Uy = X(ME+(¢—DX(t) [ D s(X(5)P(5)X(gs)) " | F. € [a,00),,

s€la,t)q

where E and F are constant n X n matrices. In the latter case,
(3.3) E=XYa)U(a), F=W(X,U)a),

such that U is a prepared solution of (2.1) iff F*E = E*F.

Proof. Assume X is a prepared solution of (2.1) with X invertible on [a, 00),. Let U
be any n x n matrix solution of (2.1); we must show U is of the form (3.2). Using
the Wronskian from Definition 2.3, set

F:=W(X,U)(a) = (X*PD,U — (D,X)*PU) (a).

Since
Dy(X7'U)(t) = =X~ (at) (D X) ()X (U (1) + X~ (at) DU (1)
and X is prepared we have that

(X*()PMOX () F = X’l(qt)(DqU)(t) (X* (1) P()X (qt) " (DeX)" (OP)U(1)
= Dy(XU)(t) + X (gt) (D X) ()X (1)U ()
X Hg)P™! ()X* HO(DX) (1) P(1)U(t)
= Dy(XIU)(t) + X (gt) P~ () P(1)(DX) (1) X (1)U (2)
X Hat)P~ 1()( (D, X)X )" U
= Dy(X'U)(1).
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Multiplying by the variable and summing both sides from a to ¢,

XU =X @) = (g=1) [ Y s(X7(s)P()X(qs)) " | F;

s€la,t)q

recovering U yields

provided E = X ' (a)U(a).

Conversely, assume U is given by (3.2). By Theorem 3.3 and linearity U is a
solution of (2.1) on [a,00),. Setting ¢ = a in (3.2) leads to £ in (3.3). By the
constancy of the Wronskian, W (X,U)(t) = W(X,U)(a); suppressing the a, and
using (3.2) and the fact that X is prepared,

W(X,U) = X*PD,U— (D,X)"PU =X"P [(DqX)E + P_IX*_lF] — (D, X)"PU
— X'P(D,X)E+F — (D,X)'PXE = F.

From Lemma 3.4, U is a prepared solution of (2.1) iff F*E is Hermitian. O
4. PREPARED BASES

Let X be an n x p matrix function defined on (0,00),, and define the 2n x p

matrix X by
X(t)
(4.1) X(t) = , te(0,00),
X(qt)
we also define the block matrix
0 P(t)
P(t) = ) t € (07 OO)(I
—P(t) 0
It follows that
1
(42) WX, X)) = —5; (XA (0). € (0.00),
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Theorem 4.1. Assume X is an n X p matrixz solution of (2.1). Then X has constant
rank on (0,00),. Furthermore, if X is a prepared solution of (2.1) and rank X = p,
then p < n.

Proof. Assume X is an n X p matrix solution of (2.1). Let a € (0,00),, and suppose
X (a)v = 0 for some vector v € CP. Then
X(a)v=0, X(ga)v=0
by assumption; since X solves (2.1), as in the proof of Theorem 2.1 we have that
X(a/qv =0, X(¢*a)v =0
as well, so that
X(a/q)v=0, X(qa)v=0.
Therefore X has constant rank on (0,00),. Now suppose X is an n X p prepared
solution of (2.1) with rank X = p. Since X is prepared, W (X, X) = 0 on (0, 00),.
By (4.2),
X*PX =0 on (0,00),.
As P is invertible, rank (PX) = p, and it follows from the previous line that the
nullity of X* is at least p. Since
rank X + nullity X™* = 2n,
we have that
2p =p+p < p+nullity X* = 2n,
putting p < n. O

Definition 4.2. An n x n solution X of (2.1) is a prepared basis for (2.1) iff X is
a prepared solution of (2.1) and rank X =n on (0,00),, where X is given in (4.1).

Theorem 4.3. Assume X,Y are n x n prepared solutions of (2.1). If W(X,Y) is
invertible, then X and Y are both prepared bases of (2.1).

Proof. Assume X, Y are n x n prepared solutions of (2.1) with W(X,Y') invertible.
Note that by Abel’s Formula and the definitions above,

1
(¢ — 1)t
Let a € (0, 00),, and suppose Y(a)v = 0 for some vector v € C*. Then W(X,Y)v = 0,
so that by the assumption of invertibility v = 0. Hence rank Y(a) = n and due to

constant = W (X,Y)(t) =

(X*PY) (t), te(0,00),.

constant rank by the theorem above, rank ) = n. Thus Y is a prepared basis. In the
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same manner v*X*(a) = 0 implies v*W(X,Y) = 0 implies v = 0, and rank X(a) =
rank X () =n and X is a prepared basis as well. O

5. ¢-DOMINANT AND ¢-RECESSIVE SOLUTIONS

In this main section we seek to introduce the notions of ¢-dominant and g-recessive
solutions for the g-difference equation (2.1) when the equation has an invertible so-
lution; in particular, we ultimately will be able to construct an (essentially) unique
g-recessive solution for (2.1) in the event that it admits invertible solutions. Note

that throughout the rest of the paper we assume a € (0, 00),,.

Definition 5.1. A solution V' of (2.1) is g-dominant at infinity iff V is a prepared

basis and there exists an a such that V is invertible on |a, 00), and
Y sTHs) T(s)=V*(s)P(s)V (gs)
s€[a,00)q

converges to a Hermitian matriz with finite entries.

Lemma 5.2. Assume the self-adjoint equation LX = 0 has a q-dominant solution V'

at oo. If X is any other n X n solution of (2.1), then
lim VX)) =K
for some n x n constant matriz K.

Proof. Since V' is a g-dominant solution at oo of (2.1), there exists an a such that V'

is invertible on [a, 00),. By the second reduction of order theorem, Theorem 3.5,

X(t)=VEHV @)X+ @-DVE) [ D sT(s) | WV, X)(a).

s€la,t)q

Multiplying on the left by V~1(¢) we have

VX)) =V @) X(@)+(g—1) | Y sT'(s) | W(V.X)(a).

s€la,t)q
Since V' is g-dominant at oo, the following limit exists:
lim V' ()X () = K=V (@)X (a)+ (= 1) | Y. sT'(s) | W(V, X)(a).

t—00
s€la,00)q

The proof is complete. [l
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Definition 5.3. A solution U of (2.1) is g-recessive at infinity iff U is a prepared
basis and whenever X is any other n X n solution of (2.1) such that W(X,U) is

wwertible, X is eventually invertible and

lim X~ (£)U(t) = 0.

t—o00

Lemma 5.4. If U is a solution of (2.1) which is g-recessive at oo, then for any

invertible constant matriz K, the solution UK of (2.1) is q-recessive at 0o as well.

Proof. The proof follows from the definition. OJ

Lemma 5.5. IfU is a solution of (2.1) which is q-recessive at 0o, and V' is a prepared
solution of (2.1) such that W(V,U) is invertible, then V is q-dominant at co.

Proof. Note that by the assumptions and Theorem 4.3, V' is a prepared basis. By the
definition of ¢-recessive, W (V. U) invertible implies that V' is invertible on [a, 00), for

some a € (0,00),, and

(5.1) lim VU (t) = 0.

Let K := W (V,U); by assumption K is invertible, and by Definition 2.3
K =YV (qt)DU(t) — (DV)*PV)($)V () U(t)

for all ¢t € [a,00),. Since V' is prepared,

YUK = VT gt)DU(t) = V™ Hat)(DV)OV (U (1)
= D, (V') ()

Multiply by s, sum both sides from a to oo, and use (5.1) to see that

d o sT(s) = ! VHa)U(a) K™

s€ [a,OO)q

converges to a Hermitian matrix, as T is Hermitian. Thus V' is g-dominant at co. [

Theorem 5.6. Assume (2.1) has a solution V' which is q-dominant at co. Then
Ut)=(¢—=1)V(t) Y s(V(s)P(s)V(as)™ = (a—DV(t) D sT7(s)
S€[t,00)q S€[t,00)q

is a solution of (2.1) which is q-recessive at oo and W (V,U) = —1I.
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Proof. Since V' is ¢-dominant at oo, U is a well-defined function and can be written

as

Uty =(q—DVE) | Y sT's)— | D sT's) | I|, te€[a,00)

s€la,00)q s€la,t)q

by the second reduction of order theorem, Theorem 3.5, U is a solution of (2.1) of

the form (3.2) with
E=(q—1) Y sY'(s), F=-I
s€la,00)q
From (3.3), W(V,U) = F = —1I. Since
E'F=(1-gq) Z sY1(s)
s€[a,00)q

is Hermitian, U is a prepared solution of (2.1), and W(—V,U) = I implies that U and
—V are normalized prepared bases. Let X be an n x n matrix solution of LX = 0
such that W (X, U) is invertible. By the second reduction of order theorem,

X(t) = V() |V @X(@+(g=1) Y sT W (V,X)
s€layt)q

(5.2) = V() + U)o,

Cr:=V'(a)X(a)+(g—1) > T (s)W(V,X)

s€la,00)q

and

Cy = —W(V, X).
Note that

W(X,U)=CiW(V,U)+ CsW(U,U) = —CY.
As W(X,U) is invertible by assumption, C; is invertible. From (5.2),
lim VX)) = lim (C1+VH)U(1)Cs)
= C1+(¢— 1)tlir£10 Z sY1(s)Cy = C)

s€t,00

)
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is likewise invertible. Consequently for large ¢, X () is invertible. Lastly,

lim X Y(U®) = lim [V()C, +U@)Cy] ' U(1)

t—o00 t—o00

= lim [C F VYU T VU (L)
= [C1+07'0=0.
Therefore U is a g-recessive solution at oco. 0

Theorem 5.7. Assume (2.1) has a solution U which is q-recessive at oo, and U(a)
is invertible for some a € (0,00),. Then U is uniquely determined by U(a), and (2.1)

has a solution V' which is qg-dominant at oo.

Proof. Assume U(a) is invertible; let V' be the unique solution of the initial value
problem
LV =0, V(a)=0, D,V(a)=1.
Then V is a prepared basis and
WV, U) = W(V,U)(a) = (V*PD,U)(a) = (PD,V)*(a)U(a) = =P(a)U(a)

is invertible. It follows from Lemma 5.5 that V' is g-dominant at co. Let I' be an

arbitrary but fixed n x n constant matrix. Let X solve the initial value problem
LX =0, X(a)=1, D,X(a)=T.
By Theorem 5.2,
lim VX (t) = K,
where K is an n X n constant matrix; note that K is independent of the g-recessive

solution U. Using the initial conditions at a, by uniqueness of solutions it is easy to

see that there exist constant n x n matrices C and C5 such that
U(t) = X(t)C, + V(t)Cs,

where C7 = Ul(a) is invertible. Consequently, using the g-recessive nature of U, we

have

0= lim V' O)U(t) = lim (V)X (t)U(a) + Co) = KU(a) + Cs,

t—o00 t—o00
so that Cy = —KU(a). Thus the initial condition for D,U is
DyU(a) = (T = K)U(a),

and the g-recessive solution U is uniquely determined by its initial value U(a). U
EJQTDE, 2007 No. 11, p. 15



Theorem 5.8. Assume (2.1) has a solution U which is q-recessive at 0o and a solu-
tion V' which is g-dominant at co. If U and y s(V*(s)P(s)V(gs))™! are both
invertible for large t € (0,00),, then there exists an invertible constant matriz K such
that

s€(t,00

Uty =(g=1)V{) | D s(V(s)P(s)V(gs) ™" | K

s€[t,00)q

for large t. In addition, W (U, V) is invertible and

lim V1)U (t) = 0.

t—o0

Proof. For sufficiently large t € (0, 00), define

Y(t)=(g—-1)V(t) Y s(V(s)P(s)V(as) "

s€E[t,00)q

By Theorem 5.6, Y is also a g-recessive solution of (2.1) at co and W(V,Y) =
—1I. Because U and 3, ) s(V*(s)P(s)V(gs))~! are both invertible for large ¢ €

(0,00)4, Y is likewise invertible for large ¢, and

lim V()Y (t) =0

t—oo

by the g-recessive nature of Y. Choose a € (0,00), large enough to ensure that U

and Y are invertible in [a, 00),. By Lemma 5.4 the solution given by
X(t):=Y®#)Y Y a)U(a), tE [a,00),

is yet another g-recessive solution at oo. Since U and X are g-recessive solutions at
oo and U(a) = X(a), we conclude from the uniqueness established in Theorem 5.7
that X = U. Thus

Uit) = Y)Y Ya)U(a), tE€ a,0),

= (¢-VO) | Yo s(V(s)P(s)V(gs) ™" | K,

s€E[t,00)q

where K := Y 1(a)U(a) is an invertible constant matrix. O

The next result, when the domain is Z instead of (0, c0),, relates the convergence
of infinite series, the convergence of certain continued fractions, and the existence of

recessive solutions; for more see [2] and the references therein.
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Theorem 5.9 (Connection Theorem). Let X and V' be solutions of (2.1) determined

by the initial conditions
X(a)=1, D,X(a)=P 'a)K, and V(a)=0, D,V(a)=P '(a),

respectively, where a € (0,00), and K is a constant Hermitian matriz. Then X,V

are normalized prepared bases of (2.1), and the following are equivalent:

(i) V is g-dominant at oo;
(ii) V is invertible for large t € (0,00), and limy_o, V' (¢) X (t) exists as a Her-
mitian matriz Q(K) with finite entries;
(iii) there exists a solution U of (2.1) which is q-recessive at oo, with U(a) invert-

ible.
If (i), (ii), and (iii) hold then
(DU) (@)U (a) = DyX(a) — (DgV)(a)QK) = =P~ (a)(0).
Proof. Since V(a) =0, V is a prepared solution of (2.1). Also,
W(X,X)=W(X,X)(a) = (X"PD,X — (D, X)"PX)(a) =IK - K*'I=0
as K is Hermitian, making X a prepared solution of (2.1) as well. Checking
W(X,V)=W(X,V)(a) = (X*"PD,V — (D, X)"PV)(a) =1—-0=1,

we see that X, V' are normalized prepared bases of (2.1). Now we show that (i) implies
(ii). If V is a ¢-dominant solution of (2.1) at oo, then there exists a ¢, € (a, 00), such
that V (¢) is invertible for ¢ € [t;, 00),, and the sum

> s(V(s)P(s)V(gs) ™"
SE[t1,00)q

converges to a Hermitian matrix with finite entries. By the second reduction of order

theorem,

(5.3) X)) =VOE+@@-1V(H) [ > s(V(s)P(s)V(gs) " | F,
SE€[t1,t)q

where

E=V(t)X(t), F=W(V,X)(t)=-WX,V) =-IL
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Since X is prepared, E*F = —FE* is Hermitian, whence E is Hermitian. As a result,
by (5.3) we have

m VI OX () =E—(g—1) Y. s(V'(s)P(s)V(gs)) ™"
5€[t1,00)q

converges to a Hermitian matrix with finite entries, and (ii) holds. Next we show that

(ii) implies (iii). If V' is invertible on [t, 00), and

(5.4) lim V= )X (1) = Q

t—o0

exists as a Hermitian matrix, then from (5.3) and (5.4) we have

Q=lim VI (OX(1)=E—=(g=1) > s(V()P(s)V(gs)) "
5€[t1,00)q

in other words,

(a-1) 3 s(V(s)P(s)V(gs)) ' = E - Q.

S€[t1,00)q
Define
(5.5) U(t) == X(t) — V(t)Q.
Then

W(U,U) = W(X-VQX-VQ)
= WX, X)-W(X,V)Q =WV, X)+OW(V,V)Q
= Q4+ =0,

and U(a) = X(a) = I, making U a prepared basis for (2.1). If X; is an n x n matrix
solution of LX = 0 such that W (X, U) is invertible, then

(5.6) Xi(t) =V (t)C, + U(t)Cq

for some constant matrices C; and C5 determined by the initial conditions at a. It
follows that

W(X,,U) = W({VC +UC,U)=CiW(V,U)+CsW(U,U)
= WV U) =W (V,U)(a) = =Cy
by (5.5), so that C' is invertible. From (5.4) and (5.5) we have that

lim VHOU(t) = lim V') X(t) — Q] =0,
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resulting in

lim V() X0 () = lim [Cy + VEHRU ()] = Ch,

which is invertible. Thus X (¢) is invertible for large ¢ € (0, 00),, and

lim X' (OU() = Tim [V()Cr + U] U(1)

t—oo

= lim[Cy + VT OU@C] VU () =

C;H0) = 0.

Hence U is a g-recessive solution of (2.1) at co and (iii) holds. Finally we show that

(iii) implies (i). If U is a g-recessive solution of (2.1) at co with U(a) invertible, then

WV, U) =W(V,U)(a) = =U(a)

is also invertible. Hence by Lemma 5.5, V' is a ¢-dominant solution

of (2.1) at oc.

To complete the proof, assume (i), (ii), and (iii) hold. It can be shown via initial

conditions at a that
U(t)=X(t)U(a) + V(t)C
for some suitable constant matrix C. By (ii),
lim VX (t) = QK),
and thus
VAU @) =V )X (#)U(a) + C.
As U is a g-recessive solution at oo by (iii),

0=lim (V'()X(t)U(a) + C) = QK)U(a) + C,

f—o0
yielding
U(t) = [X(t) = V(O)QK) Ula).

An application of the quantum derivative D, at a yields

(D,U) (@)U a) = D, X (a) — (D,V)(a)Q(K).
Now let Y be the unique solution of the initial value problem

LY =0, Y(a)=1, D,Y(a)=0.
Using the initial conditions at a we see that
Xt)=Y@)+V(t)K.
Consequently,
lim V)X (t) = lim V()Y (t) + K

t—o0 t—o00
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implies, by (ii) and the fact that X =Y when K = 0, that
QK) =Q(0) + K.
Therefore
DX (a) = (DgV)(a)AK) = —(D,V)(a)2(0) = =P~ (a)$2(0).
Thus the proof is complete. 0

We will also be interested in analyzing the self-adjoint vector ¢-difference equation
(5.7) Lz =0, where Lx(t):= D (PD,x)(t)+ Q(t)x(t), tE€ [a,00),,

where z is an n x 1 vector-valued function defined on (0, 00),. We will see interesting
relationships between the so-called unique two-point property (defined below) of the
nonhomogeneous vector equation Lz = h, disconjugacy of Lz = 0, and the construc-
tion of g-recessive solutions at infinity to the matrix equation LX = 0. The following

theorem can be proven by modifying the proof of Theorem 2.1.

Theorem 5.10. Let h be an n x 1 vector function defined on [a,00),. Then the

nonhomogeneous vector initial value problem

(5.8) Ly =D (PDyy) +Qy=h, yla)=y., Dyyla)=1y,

has a unique solution.

Definition 5.11. Assume h is an n x 1 vector function defined on [a,o0),. Then
the vector dynamic equation Lz = h has the unique two-point property on [a,00),

provided given any a < t; < ty in (0,00),, if u and v are solutions of Lx = h with

u(ty) = v(ty) and u(ty) = v(ta), then u = v on [a,0),.

Theorem 5.12. [f the homogeneous vector equation (5.7) has the unique two-point

property on [a,00),, then the boundary value problem
Lr=h, z(t) =« =xz(t) =27,
where a < t; <ty in (0,00), and o, § € C", has a unique solution on [a,0),.

Proof. If ty = qty, then the boundary value problem is an initial value problem and
the result holds by Theorem 5.10. Assume t5 > gt;. Let X(¢,¢;) and Y (¢,¢;) be the
unique n X n matrix solutions of (2.1) determined by the initial conditions

X(tl,tl) = 0, DqX(tl,tl) = ], and Y(tl,tl) = [, DqY(tl, t1> = O,
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then a general solution of (5.7) is given by
(5.9) x(t) = X(t,t1)y + Y(t,11)9,

for v,6 € C", as x(t;) = d and D,x(t;) = 7. By the unique two-point property the

homogeneous boundary value problem
Lr =0, z(t;)) =0, z(t3) =0

has only the trivial solution. For z given by (5.9), the boundary condition at ¢,
implies that 6 = 0, and the boundary condition at ¢, yields

X(ta, t1)y = 0;

by uniqueness and the fact that x is trivial, v = 0 is the unique solution, meaning

X (tg,t1) is invertible. Next let v be the solution of the initial value problem
Lv=h, wv(t;)=0, Dy(t)=0.
Then the general solution of Lx = h is given by
x(t) = X(t,t1)y +Y(t,t1)0 + v(1).
We now show that the boundary value problem
Lr=nh, z(t1)=a, x(ty) =7

has a unique solution. The boundary condition at ¢; implies that 6 = «. The

condition at t5 leads to the equation
ﬁ == X(tg, t1>’)/ + Y(tg, tl)Oé + ’U(tg),
since X (ta, 1) is invertible, this can be solved uniquely for . O

Corollary 5.13. If the homogeneous vector equation (5.7) has the unique two-point

property on [a,00),, then the matriz boundary value problem
LX =0, X(tj)=M, X(ty)=N

has a unique solution, where M and N are given constant n X n matrices.

Proof. Modify the proof of Theorem 5.12 to get existence and uniqueness. U
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Theorem 5.14. Assume the homogeneous vector equation (5.7) has the unique two-
point property on [a,00),. Further assume U is a solution of (2.1) which is q-recessive
at oo with U(a) invertible. For each fized s € (a,00),, let Y(t,s) be the solution of

the boundary value problem

LY (t,s) =0, Y(a,s)=1, Y(s,s)=0.
Then the q-recessive solution U(t)U~'(a) is uniquely determined by
(5.10) Ut) U (a) = lim Y(t,s).

§—00

Proof. Assume U is a solution of (2.1) which is ¢g-recessive at co with U(a) invertible.

Let V' be the unique solution of the initial value problem
LV =0, V(a)=0, D,V(a)= P '(a).

By the connection theorem, Theorem 5.9, V' is invertible for large ¢. By checking

boundary conditions at a and s for s large, we get that
Y(t,s)=-V)Vs)U(s)U Ha) +Ut) U (a).
Then
W(V,U) = W(V,U)(a) = (V*PD,U — (D,V)"PU) (a) = ~U(a)

is invertible, and by the g-recessive nature of U,

lim VU (t) = 0.
As a result,
lim Y(t,8) =0+ Ut)U *(a),

and the proof is complete. 0]

Definition 5.15. A prepared vector solution x of (5.7) has a generalized zero at
€ (0,00), iffz(a/q) # 0 and x*(a/q)P(a/q)x(a) < 0. Equation (5.7) is disconjugate
on [a, 00), iff no nontrivial prepared vector solution of (5.7) has two generalized zeros

in la,00),.

Definition 5.16. A prepared basis X of (2.1) has a generalized zero at a € (0, 00), iff
X(a) is noninvertible or X*(a/q)P(a/q)X (a) is invertible but X*(a/q)P(a/q) X (a) <
0.

Lemma 5.17. If a prepared basis X of (2.1) has a generalized zero at a € (0,00),,
then there exists a vector v € C" such that x = X~y is a nontrivial prepared solution

of (5.7) with a generalized zero at a.
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Proof. The proof follows from Definitions 5.15 and 5.16. U

Theorem 5.18. If the vector equation (5.7) is disconjugate on [a,0),, then the
matriz equation (2.1) has a solution U which is q-recessive at oo with U(t) invertible

fort € [ga, 00),.

Proof. Let X be the solution of the initial value problem
LX =0, X(a)=0, D,X(a)=1I;

then X is a prepared solution of (2.1). If X is not invertible on [ga, c0),, then there
exists a t; > a such that X (¢;) is singular. But then there exists a nontrivial vector
d € C" such that X(t1)0 = 0. If x(t) := X(¢)d, then x is a nontrivial prepared
solution of (5.7) with

xz(a) =0, x(t1) =0,

a contradiction of disconjugacy. Hence X is invertible in [ga, 00),. We next claim
that

(5.11) XHOP(O)X(at) > 0, 1€ [ga,00)y
if not, there exists t5 € [ga, 00), such that
X*(t2) P(t2) X (gta2) # 0.

It follows that there exists a nontrivial vector y such that z(t) := X (¢)7 is a nontrivial
prepared vector solution of Lx = 0 with a generalized zero at gts. Using the initial
condition for X, however, we have x(a) = 0, another generalized zero, a contradiction
of the assumption that the vector equation (5.7) is disconjugate on [a,00),. Thus
(5.11) holds. Define the matrix function

V() :=X(0) [T+ (a—=1) Y s(X(s)P(5)X(qs)) | . ¢ € [qa,00),.

EIS [qa,t)q

By Theorem 3.5, V' is a prepared solution of LV = 0 with W(X, V) = I. Note that

V' is also invertible on [ga, 00),, so that by the reduction of order theorem again,

XO =V |T- -1 3 s(V©PEVEs) ™|, t el 00)
s€lga,t)q
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Consequently,

I=[VI'XIXVt)= [I=(qg—1) Y sY's)| [I+(q—1) Y s=7(s)].

s€[qa,t)q s€lqa,t)q
where
T(s) :=V*(s)P(s)V(gs), Z(s):=X"(s)P(s)X(gs) > 0.

Since the second factor is strictly increasing by (5.11) and bounded below by I, the
first factor is positive definite and strictly decreasing, ensuring the existence of a limit,

in other words, we have
0<T—(qg=1) Y sT's)<I—(q—1) Y sT'(s)<LI
s5€[ga,00)q s€lga,t)q
It follows that
0< Z sT1(s) < Z sY Us) < I, t€][qa,o00),,
s€qa,t)q s€[ga,00)q
and V is a ¢g-dominant solution of (2.1) at co. Set
Ut):=(g—1V(t) > sT}(s).
S€[t,00)q

By Theorem 5.6, U is a g-recessive solution of (2.1) at co. Since

Ut)=(q=1VE) | > sT(s)— > sT7s)|,
s€[ga,00)q s€lga,t)q
V' is invertible on [ga,o0),, and the difference in brackets is positive definite on
[qa, 00),, we get that U is invertible on [ga,00), as well, and the conclusion of the

theorem follows. O

Corollary 5.19. Assume the vector equation (5.7) is disconjugate on [a,o0),, and K
s a constant Hermitian matriz. Let U,V be the matriz solutions of LX = 0 satisfying

the initial conditions
Ula)=1, D,U(a)=P '(a)K, and V(a)=0, D,V(a)=P '(a).
Then V' is invertible in [qa,00),, V is a g-dominant solution of (2.1) at oo, and

lim V1 (#)U(t)

t—o0

exists as a Hermitian matriz.
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Proof. By Theorem 5.18, the matrix equation (2.1) has a solution U which is ¢-
recessive at oo with U(t) invertible for ¢t € [ga,00),. Thus (iii) of the connection
theorem, Theorem 5.9 holds; by (i), then, V' is a ¢g-dominant solution of (2.1) at oo,
and by (ii),

lim V1 (#)U(t)

t—o00

exists as a Hermitian matrix. Since V(a) = 0 and the vector equation (5.7) is discon-
jugate on [a, 00),,
V*(t)P(t)V(qt) >0, t € [ga,o0),.

In particular, V' is invertible in [ga, 00),. O

Theorem 5.20. If the vector equation (5.7) is disconjugate on |a, 00),, then Lx(t) =
h(t) has the unique two-point property in [a, 00),. In particular, every boundary value

problem of the form
Lx(t) = h(t),  z(n)=a  xz(n)=7,

where 11, Ty € [a,00), with T < Ty, and where «, 3 are given n-vectors, has a unique

solution.

Proof. By Theorem 5.18, disconjugacy of (5.7) implies the existence of a prepared,
invertible matrix solution of (2.1). Thus by Theorem 5.12, it suffices to show that
(5.7) has the unique two-point property in [a,00),. To this end, assume u,v are

solutions of Lz = 0, and there exist points s, sy € (0, 00), such that a < s; < s9 and

u(sy) = v(s1), u(sy) = v(sq).

If s5 = ¢s1, then v and v satisfy the same initial conditions and u = v by uniqueness;
hence we assume s; > ¢s;. Setting x = u — v, we see that z solves the initial value
problem

Lz =0, x(m) =0, x(mp) = 0.

Since Lx = 0 is disconjugate and x is a prepared solution with two generalized zeros,
it must be that x = 0 in [a,00),. Consequently, u = v and the two-point property
holds. O

Corollary 5.21 (Construction of the Recessive Solution). Assume the vector equation
(5.7) is disconjugate on [a,00),. For each s € (a,00),, let U(t,s) be the solution of
the boundary value problem

LU(-,s)=0, U(a,s)=1, U(s,s)=0.
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Then the solution U with U(a) = I which is q-recessive at oo is given by

U(t) = lim U(t,s),

§—00

satisfying
(5.12) U (t)P(t)U(qt) >0, te€ la,00),.

Proof. By Theorem 5.18 and Theorem 5.20, LX = 0 has a g-recessive solution and
Lz = h has the unique two-point property. The conclusion then follows from Theo-
rem 5.14, except for (5.12). From the boundary condition U(s,s) = 0 and the fact
that Lx = 0 is disconjugate, it follows that

U*(t,s)P(t)U(qt,s) > 0
holds in [a, s/q),. Again from Theorem 5.14,
lim U(t,s) = U(t)U *(a) = U(t),

§—00

so that U invertible on [a, c0), and (5.12) holds. O

Remark 5.22. In an analogous way we could analyze the related (formally) self-

adjoint quantum (h-difference) system
(5.13) D"(PD,X) () + Q)X (t) =0, tec(0,00):={h,2h,3h, -},

where the real scalar h > 0 and the h-derivatives are given, respectively, by the dif-

ference quotients

(Dt = LI g oy = WOIEZR) (s,

In the case where invertible solutions of (5.13) exist, their characterization as
h-dominant and/or h-recessive solutions at infinity can be developed in parallel with
the previous results on the g-equation (2.1). As ¢ approaches 1 in the limit or h
approaches zero in the limit, we can recover results from classical ordinary differential

equations.

6. FUTURE DIRECTIONS

In this section we lay the groundwork for possible further exploration of the
nonhomogeneous equation by introducing the Pélya factorization for the self-adjoint
matrix g-difference operator L defined in (2.1), which in turn leads to a variation of

parameters result.
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Theorem 6.1 (Pdlya Factorization). If (2.1) has a prepared solution X > 0 (positive
definite) on an interval T C (0,00), such that X*(t)P(t)X(qt) > 0 fort € I, then
for any matriz function Y defined on (0,00), we have on the interval T a Polya

factorization

LY = M:DT{MyD (MY}, Mi(t):= X"1(t) >0, My(t):=X*(t)P(t)X(qt) > 0.

Proof. Assume X > 0 is a prepared solution of (2.1) on Z C (0, 00), such that My > 0

on Z, and let Y be a matrix function defined on (0, 00),. Then X is invertible and

Ly M (X TIDIW(X,Y)

P (X TIDY{ X PD,Y — (D,X)"PY}
= M;D'{X*[PD,Y — X* (D, X)*PY]}

2B A DX [PDY — P(DX)X Y]}
= M{D"{M[X "(qt)DY — X '(qt)(D, X)X Y]}
= M{D'{M[X'(qt)D,Y + (D, X ")Y]}
= M;D*{M,D,(X'Y)}
=  M;D'{MyD,(MY)},

for M, and M, as defined in the statement of the theorem. O

Theorem 6.2 (Variation of Parameters). Let H be an n x n matriz function defined
on [a,00),. If the homogeneous matriz equation (2.1) has a prepared solution X with
X(t) invertible for t € [a,00),, then the nonhomogeneous equation LY = H has a

solution Y given by

Y1) = XX @)Y (@) +(g=DX(E) Y s(X"(s)P(s)X(gs)) " W(X,Y)(a)

s€la,t)q

AV X0 3 s [(eePe X Y rxmHe)

s€la,t)q T€(a,s]q

Proof. Let Y be a matrix function defined on (0, 00),, and assume X is a prepared

solution of (2.1) invertible on [a, 00),. As in Theorem 6.1, we factor LY to get

H(t) =LY (t) = X* 7' (t)D* (X*(t)P(t) X (qt) Dy (X 'Y)(1)) .
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Multiplying by sX* and summing over (a,t], we arrive at

XOPOX@DXY)0 - WY@ = (1- 1) 3 X (6)Hs)

q s€(a,t]q
where
W(X,Y)(a) = X*(a)P(a)X (qa) Dy(X~'Y)(a)
since X is prepared. This leads to

1
DY) = (X OPOX@) W@+ (1-1) 3 x|
s€(ant]q
which is then multiplied by (¢ — 1)s and summed over [a,t), to obtain the form for
Y given in the statement of the theorem. Clearly the right-hand side of the form
of Y above reduces to Y(a) at a, and since X is an invertible prepared solution, by

Theorem 2.15 the quantum derivative reduces to D,Y (a) at a. U

Corollary 6.3. Let H be an n x n matriz function defined on [a,00),. If the ho-
mogeneous matriz equation (2.1) has a prepared solution X with X (t) invertible for

t € [a,00),, then the nonhomogeneous initial value problem
(6.1) LY =DYPD)Y)+ QY =H, Y(a)=Y,, D,)Y(a)=Y]
has a unique solution.

Proof. By Theorem 6.2, the nonhomogeneous initial value problem (6.1) has a solu-
tion. Suppose Y7 and Y3 both solve (6.1). Then X = Y] —Y; solves the homogeneous

initial value problem
LX =0, X(a)=0, D,X(a)=0;

by Theorem 2.1, this has only the trivial solution X = 0. OJ
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