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Abstract

In this study, conditions for the existence of at least one positive solution to a non-
linear second-order multipoint eigenvalue problem on time scales are discussed.
Here the nonlinearity is allowed to take on negative values. The results extend pre-
vious work on the continuous case, and are based on the Guo—Krasnoselskii fixed
point theorem.
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1. Introduction

We are interested in the second-ordgpoint time scale boundary value problem

A
(py¥)"™ (8) — q(t)y(t) + Af(t,y(t) =0, t € (tr,tn)r, (1.1)
n—1 n—1
ay(ty) = Bp(t)y" () = D awy(ts),  Yy(tn) + 0p(tn)y” (tn) =Y biy(t:), (1.2)
1=2 1=2
wheren > 3 and
p,q: [tlatn]'ﬂ' - (07 00)7 P S CA[tlatn>T7 q € C[tlatn]Ta (13)
the pointst; € TZ fori € {1,2,...,n} with t; < t < --- < t,; the real scalar

A € (0, 00);
a,v €10,00), (,0€(0,0), ay+ad+py>0,
Gi,bie [0,00), 26{2,,77,—1}, (14)
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the continuous functiorf : (¢1,¢,)r X [0,00) — (—o0, 00) is such that the following
hold:

~~

(t, y) unif

lim = +00, tE€ [ty,t3]r; —u(t) < f(t,y) < z(t)h(y) (1.5)

y—too Yy
for right-dense continuous functions:z : (¢1,t,)r — (0,00) and continuous function
h:[0,00) — (0,00). Problem (1.1), (1.2) is a generalization to time scales of the prob-
lem whenT is restricted tdR on the unit interval in Zhang and Liu [19], which extends

the discussion found in Ma and Thompson [15]. Therefore the results here generalize
and extend those works to the discrete and quantum calculus in particular, as well as to
arbitrary time scales. See also related time-scale boundary value problems found in An-
derson [1,2], Atici and Guseinov [4], Kaufmann [12], Kaufmann and Raffoul [13], Kong
and Kong [14], Peterson, Raffoul, and Tisdell [16], and Sun and Li [17, 18]. Recent pa-
pers on singular problems on time scales include Bohner and Luo [6] and DaCunha,
Davis, and Singh [9]. For more general information concerning dynamic equations on
time scales, introduced by Aulbach and Hilger [5] and Hilger [11], see the excellent text
by Bohner and Peterson [7] and the follow-up text [8].

2. Time Scale Primer

Any arbitrary nonempty closed subset of the ré&lsan serve as a time scédle see
[7,8]. Fort € T define the forward jump operater: T — T by o(t) = inf{s € T :
s > t}, and the backward jump operator T — T by p(t) = sup{s € T : s < t}.
The graininess operatoys,, i, : T — [0,00) are defined by, (t) = o(t) — t and
o) = p(t) — 1.

A function f : T — R is right-dense continuous (rd-continuous) provided it is
continuous at all right dense points Bfand its left sided limit exists (is finite) at left
dense points off. The set of all right dense continuous functionsis denoted by
Crg = Crg(T) = Cry(T, R).

Define the sefl, by T, = T — {m} if T has a right scattered minimum and
T, = T otherwise. In a similar veiflf” = T — {M} if T has a left scattered maximum
M andT” = T otherwise. We tak&, = T, N T".

Definition 2.1. [Delta Derivative] Assumef : T — R is a function and let € T".
Define f2(t) to be the number (provided it exists) with the property that given any
e > 0, there is a neighborhodd C T of ¢ such that

[f(a(t)) = f()] = f2)[o(t) = s]| < elo(t) — s, forall seU.
The functionf“(t) is the delta derivative of att.
Definition 2.2. [Nabla Derivative] For f : T — R andt € T, define f¥(¢) to

be the number (provided it exists) with the property that given any 0, there is a
neighborhood’ of ¢ such that

[f(p(t)) = f(s) = FY(D)lp(t) — s]| < elp(t) —s| forall sel.
The functionfV (¢) is the nabla derivative of att.
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Inthe casél = R, f2(t) = f'(t) = fV(t). WhenT = Z, f*(t) = f(t+1) — f(t) and
Y@ = ft) = f(t 1),

Definition 2.3. [Delta Integral] Let f : T — R be a function, ana, b € T. If there
exists a function?” : T — R such thatF'*(t) = f(¢) for all t € T*, thenF is a delta
antiderivative off. In this case the integral is given by the formula

/bf(t)AtzF(b)—F(a) fora,b e T.

All right-dense continuous functions are delta integrable; see [7, Theorem 1.74].

3. Linear Preliminaries

We first construct Green'’s function for the second-order boundary value problem

(™)™ () = a(y() + Mu(t) =0, 1 <t <t (3.1)
ay(ty) = Bp(t)y" (k1) =0,  yy(ta) + op(ta)y" (tn) = 0, (3.2)
whereq, 3,7, § are real numbers such thiat| + |3| # 0, |y| + || # 0, andu is as
in (1.5). The techniques here are similar to those found in [3, 4] for time scales, and

in [15, 19] for the continuous case.
Denote byy andy the solutions of the corresponding homogeneous equation

(™) (1) = q(y(t) =0, L € [ta,1,), (3.3)

under the initial conditions
W(t) = B, pt)yY (1) = a, (3.4)
¢(tn) = 57p(tn)¢v(tn> =7 (35)

so thaty and ¢ satisfy the first and second boundary conditions in (3.2), respectively.

Set

d=—Wi(1,8) = p(t)" (H)(t) — (t)p(t)e" (). (3.6)
Since the Wronskian of any two solutions is independent, @valuating at = t,,
t = t,, and using the boundary conditions (3.4), (3.5) yields

d = ad(t) — Bp(t))e" (tr) = 1(ta) + p(ta)™ (tn).
In additiond # 0 if and only if the homogeneous equation (3.3) has only the trivial
solution satisfying the boundary conditions (3.2).

Lemma 3.1. [4, Theorem 4.2]Assume (1.3), (1.4), and (1.5). & # 0, then the
nonhomogeneous boundary value problem (3.1), (3.2), has a unique sgltdgromhich
the formula

o) = A /t " Gt syu(s)As, € [p(ty). )

1
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holds, where the functio&'(z, s) is given by

o LJvmets), p(t)
Glt-) d{w(S)d)(t)? p(th)

andG(t, s) is Green'’s function of the boundary value problem (3.1), (3.2).

t tn
(3.7)
s tn,

VARVAY

<t<s
<s<t

Lemma 3.2. [4, Lemma 5.1]Assume (1.3) and (1.4). Then the functionsand ¢
satisfy

B(t) >0, t€pt),ta],  pOYY(t) 20, t € (p(tr), tn),

o) > 0, t € [p(tr), ], p(H)dV () <0, t € (p(tr), ).
Lemma 3.3. Let (1.3) and (1.4) hold. For any,t € [p(t1),t,]t, Green’s function
satisfies

0 <TG(s,s) < G(t,s) < G(s,s), (3.8)
where 8 5
I' := mi 1. 3.9
wind o5 e - 39)
Proof. Recall from (1.4) thats, o > 0. By (3.7) and the previous lemma,
¥(t) 3
— t1) <t <s<ty, — 1) <t <s<ty,
s Glts) b(s) At ’ b(tn) o) ’
~ G(s,s) )
%, plt1) < s <t <ty S’ p(tr) < s <t <t
For the remainder of the paper set
n—1 n—1
- Z ap(t;) d— Z a;(t;)
D=| e (3.10)
d— Z bip(ti)  — Z bid(t:)
=2 =2
[

Lemma 3.4. [3, Lemma 2.3]Assume (1.3), (1.4), and (1.5). If

tn
D #0 and / G(s, s)u(s)As < oo,
t

1

then the nonhomogeneous dynamic equation (3.1) with boundary conditions (1.2) has a
unique solutiono for which the formula

w(t) =\ (/ttn G(t, s)u(s)As + A(u)p(t) + B(u)qb(t)) , teplt),t,] (3.11)
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holds, where the functio&'(t, s) is Green’s function (3.7) of the boundary value prob-
lem (3.1), (3.2), and the functionalsand B are defined by

n—1 tn n—1
ai/ G(t;, s)u(s)As d— Z a;o(t;)
I iz t i=2
Aw) =52 - , (3.12)
b [ Gl suts)as =3 biole)
i=2 t i=2
n—1 n—1 tn
SSantt) Yo [ Gt sus)s
1 i=2 i—2 Ut
B(U) = E ne1 1 . (313)
d— bip(t;) b; / G(ts, s)u(s)As
i=2 i=2 t
Lemma 3.5. Let (1.3), (1.4), and (1.5) hold, and assume
n—1 n—1
D<0, d=) aé(t;) >0, d—Y bap(t;)) >0 (3.14)
=2 =2

for d and D given in (3.6) and (3.10), respectively. Then the unique soluticas in
(3.11) of the problem (3.1), (1.2) satisfies

Dlfwl) < w) ATE, ¢ fpt)ta). wl = _maxw(®)

wherel is given in (3.9), and

€= pLHAU(E) + Bolp(t) [ Gls,9u()as (3.15)
for

n—1 n—1 n—1 n—1
Y a d=) ai(t) = anp(ts) a;

e 1 = =2 B 1 =2 i=2

" D |n-1 n—1 ’ D n—1 n—1 )

Z by — Z bio(ts) d— Z bith(t;) Z b;
=2 =2 =2 =2

Proof. From Lemma 3.3, Green’s function (3.7) satisfies< G(t,s) < G(s,s) for
t € [p(t1),t,], sothatfor allt € [p(ty),t,],

w(t) < A ( /t :" (s, s)uls)As + A (t) /t lt” G(s, s)u(s)As
r0l0) [ (s, syu(s)s)

< A(1+ Av(t) + Bolplt) [ " G(s. s)uls) As = AT
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forT" asin (3.9) and as in (3.15). For alt € [p(t1), t,],
w(t) = A ( t ' %G(s, s)u(s)As + A(u)(t) + B(u)gb(t))
> A ( /t ; T'G(s, s)u(s)As + BA(u) + 5B(u))

_— ( [ Gto,spuiorns + At + B(n)(b(p(tl)))
> I'|w]].
[ ]

Remark 3.6. Suppose (3.14) does not hold. For exampleplet3, p(t) =1 = a =7,
q(t) =0 = =0 = ay, andt; = 0. Then (3.1), (1.2) becomes

YR +ult) =0, t <t<ts, y(t1) =0, y(ts) = bay(ts).

Note thaty(t) = t, d = t3, andD = t3(bots — t3). If D > 0, thenbyty, > t3, and there
is no positive solution; see [12, Lemma 4].

4. Existence Result

Let 5 denote the Banach spaCép(t,), t,] withthe norm||y|| = sup |y(¢)|. Define
telp(t),tn]
the coneP C B by
P ={y e B:yt) = Tllyll on[p(tr), ta]},

wherel is given in (3.9). The following is a generalization of the discussion found
in [19] to arbitrary time scales. Consider the related boundary value problem

(pyVWt)—q() ()+fw(t Y(E) =0, t<t<t,
ay(t) — Bp(t1)y Zazy . () + op(ty szy

where
Jo(t,y(8)) = [t yu(®) +ult),  yu(t) = max{y(t) —w(t),0} (4.1)
such thatv given in (3.11) is the solution of (3.1), (1.2).
For any fixedy € P, y, <y < |ly|| and by (1.5),
[ TGt 5) fuls, y(s)As < / "G5, ) (2(8)h(yu(s)) + u(s)) As

§<maxh7' >/1Gss +uls)) As < oo.

o<r<|lyll
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Additionally, using the properties of Green’s function (3.8), foe 2,--- ,n — 1 we
have

/ G(ti, s)(z(s) + u(s) A5</ G(s,s)(z(s) +u(s))As.
Thus it follows that, forA and B as in (3.12) and (3.13), respectively,

) Z a; /t n G(ti, s)(z(s) +u(s))As d— Z a;p(t;)
Azt =p| o -
S [ Gt +ule)As =3 ot
<57 = /t G(s, 5)((s) + u(s))As
Z by — Z bio(ts)
= A/t ' G(s,5)(2(s) +u(s))As < 0o
and
e S [0t et - ueyas
Be+u =5 o
A=Y bott) b [ Gt )e(s) + uls)As
1 B Z alw(tl) Z i tn
<5 - - /t G(s, 8)(2(s) + u(s))As
a3 ba(t) Sob|

_ B/t " Gs, 8)(2(s) + u(s))As < oo.

In the rest of the discussion we make the additional assumption that

/ttn G(s,5)(2(s) + u(s))As < 0. (4.2)
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This allows us to define fay € P the operatofl” : P — B by

(Ty)(t) = A ( [ ) s vl 8+ A0 + B(fw)¢(t)> 4.3)
using (3.12), (3.13), and (4.1).

Lemma 4.1. Assume that (1.3), (1.4), (1.5), (3.14), and (4.2) hold. Ther’P — P is
completely continuous.

Proof. For anyy € P, (3.8) and Lemma 3.2 imply that

(Ty)(t) < A ( | Gl uo) s + Al 0(0) + B(fw)cb(p(tl))) |

On the other hand, from Lemma 3.2 and Lemma 3.3,

(Ty)(t) > TA / " G(5,5) fuls, 4(s)As + A (BA(f) + 6B(£.))

> T\ (/ TG, ) fuls y()As + A(fu) b (t) + B(fw)¢(p(t1))) :

t1

Thereforg(T'y)(t) > I'||T'y|| on[p(t1), t,], so thatl'(P) C P. By a standard application
of the Arzela—Ascoli theoren, is completely continuous. [ |

To establish an existence result we will employ the following fixed point theorem due
to Krasnoselskii [10], and seek a fixed pointiofn P.

Theorem 4.2. Let £ be a Banach spacé} C FE be a cone, and suppose tifat S,
are bounded open balls &f centered at the origin witli; C S,. Suppose further that
L:PnN(Sy\S1)— Pisacompletely continuous operator such that either

() Lyl < llyll, v € P oSy and|[Ly[| = [lyll, y € P N IS, or

() Lyl = llyll, y € PN OS; and||Ly[| < [lyll,y € PN IS,
holds. Thenl has a fixed pointi? N (S, \ Sy).

Theorem 4.3. Assume that (1.3), (1.4), (1.5), (3.14), and (4.2) hold. Then there exists
A* > 0 such that the second-orderpoint time scale boundary value problem (1.1),
(1.2) has at least one positive solutioriArfor any A € (0, \*).

Proof. By Lemma 4.1, : P — P given by (4.3) is completely continuous. Take
S ={y e B:|y| <&}, foré given (3.15). Foi" as in (3.9), let

ftt" G(s, s)u(s)As
A :=min< 1, L

r (max h(t) + 1) " G(s,5)(2(s) + u(s))As

0<7<g
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Then for anyy € P N 0S;,
0<wyuls) <yls) <yl =¢& s€lp(tr) ta],

and, forA and B as in the statement of Lemma 3.5,

(Ty)(t) < A / "G5, 5)(2(5)hy(5)) + u(s))As
+ A (AG(t) + Bolp(tr))) / " (s, 8)(2(5)hy(s)) + u(s)) As

< A(1+ AY(t,) + Bo(p(th))) <max h(T) + 1>

0<7<¢
in

X G(s,s)(z(s) +u(s))As

t1

< &=yl

Hence||Ty|| < ||ly|| fory € P N OS;. Pick K € R such thatx” > 0 and

AKT t3
1< —— min / G(t, s)As.
£+ 1 tsi<ts [,

By (1.5), for anyt € [to, t3]r, there exists a constant > 0 such thatf(¢,y) > Ky for

y > N. PickQ = max{)\(f—l— ¢+ 1,@ S = {yeB: |yl <Ok
then for anyy € P N 9S, andt € [p(ty), t,]T,
V(0) = wle) 2 9(0) = ATE 2 ylt) = ) = (1= 75 ) w0
> (1- )\(g/\il))y(t) _ % >0,
Thus
min (y(t) — w(t)) > min ) o 1@ o

tE[tg,t:«;]'ﬂ‘ - tE[tQ,t;;h‘ f + ]. + 1
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so that

i (0= min ([ G 5) Fulo ) A + A0 + Bfu)olr))

>\ min G(t,s) fuw(s,y(s))As

te(ta,ts]T t

> A min /tSG(t,S)fw(&?J(S))AS

te[tg,tg]q[*

> AK min /3 G(t,s)(y(s) —w(s))As

tE[tQ,tg]T to

min
- f—i— 1 teltats]r

AKT .
_ KTyl / Gt 5)As > [yl
§+ 1 teftatsln Jy,

Hence fory € P N 0S, we have||Ty|| > |ly||. By Theorem 4.27" has a fixed poiny
such that < |ly|| < @. Butthen

y(t) —w(t) >TE = A > (1 —ANTE>0.

_ARTQ /“ Gt 5)As

t2

As a consequence, thissolves the boundary value problem
(py™)™ (8) = gy () + A(F(t,y(t) — w(t) +u(t) =0, te (1t}
ay(t) — Bp(t)y" () = Y ay(ts),  vy(tn) + 0p(tn Z biy(t;

1=2

Now setr(t) = y(t) —w(t) for w givenin (3.11). Then" = zV +w" and(pyv)A =
(pzV ) (pwv)A As w is the solution of (3.1), (1.2), we see that

(pz¥)> () — q(O)a(t) + Af(t,z(t) =0, t€ (b, bo)r,

n—1 n—1
az(t) — Bp(t)zY (h) = Zaﬂ(ti), v (tn) + Op(tn)zY (t,) = Zbix(ti)v
=2 i=2
in other wordsy is a positive solution of the second-ordepoint time scale boundary
value problem (1.1), (1.2). [ |
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