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Abstract

The fixed point theorem of cone expansion and compression of norm type is
extended with a comparison to monotonic operators on intervals which yields
improved existence results when applicable. We conclude with an application
verifying the existence of a positive solution to a second order right focal
boundary value problem.
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1 Preliminaries

The fixed point theorem of cone expansion and compression of functional type
[3] is an extension of the fixed point theorem of cone expansion and compression
of norm type that is usually referred to as Krasnoselskii’s fixed point theorem,
a proof of which can be found in [5]. In this paper we will extend the fixed
point theorem of cone expansion and compression of functional type by comparing
to monotonic operators on an appropriate order interval using techniques similar
to those by Avery and Henderson used in the extension of the five functionals
fixed point theorem [4]. The bounds of the nonlinear term on certain intervals
in conjuction with standard existence techniques result in the construction of the
order interval as well as the comparing operators. In the application section we
demonstrate the technique for a second order right focal boundary value problem
and conclude with an example. Existence of one and two positive solutions for
right focal boundary value problems (second order and higher) has been studied
extensively. A representative of papers in this area include Henderson [11], Eloe
and Henderson [7], Erbe [8], Erbe and Wang [10], Erbe, Hu and Wang [9],
Agarwal and Wong [1], and Merdivenci [12, 13]. In this section we will state the
definitions that are used in the remainder of the paper.

Definition 1.1 Let E be a real Banach space. A monempty closed conver set
P C E is called a cone if it satisfies the following two conditions:

(i) x € P,A >0 implies A\x € P;
(it) = € P,—x € P implies x = 0.
Every cone P C F induces an ordering, <, in E given by
x <y if and only if y —x € P.

Definition 1.2 An operator is called completely continuous if it is continuous and
maps bounded sets into precompact sets.

Definition 1.3 Let P be a cone in a real Banach space E and D C E. Then the
operator A : D — FE is said to be increasing on D provided x1,xo € D with x1 < xo
implies Az < Azs.

The existence of increasing completely continuous operators on portions of the
cone that satisfy certain properties is the basis of the extension of the Fixed Point
Theorem of Cone Expansion and Compression of Functional Type.
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Definition 1.4 A cone P of a real Banach space E is said to be normal if there
exists a positive constant § such that ||[x+y|| > 0 for all x,y € P with ||z|| = ||y|| =
1.

The following theorem is an elementary fact about normal cones. A proof can
be found in [6].

Theorem 1.1 Let P be a normal cone in a real Banach space E. The cone P is
normal if and only if the norm of the Banach space E is semi-monotone; that is,
there ezists a constant N > 0 such that 0 < z <y implies that ||z|| < N||y||.

The following theorems concerning the convergence of Picard iterates are re-
statements of theorems that can be found in [6].

Theorem 1.2 Let P be a normal cone in a real Banach space E and A: P — FE
be an increasing, completely continuous operator. If u € P with Au < u and there
exists a v € P such that v < A™u for all n € N then

{A"u}?f:l

1s a decreasing sequence bounded below by v € P and there exists a u* € P such
that

v = lim A™u
n—oo

with
v<u < AMu< A"y < - < A

Theorem 1.3 Let P be a normal cone in a real Banach space E and A: P — E
be an increasing, completely continuous operator. If u € P with u < Au and there
exists a v € P such that v > A"u for all n € N then

{A"u}?f:l

is an increasing sequence bounded above by v € P and there exists a u* € P such
that
u* = lim A™u
n—oo
with
v>ut > A" > AV > > A

Definition 1.5 A map a is said to be a nonnegative continuous functional on a
cone P of a real Banach space E if

a: P —[0,00)

1S continuous.
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Let « and v be nonnegative continuous functionals on P; then, for positive real
numbers r and R, we define the following sets:

P(y,R) ={x € P:y(x) <R} (1)

and
P(y,a,r,R)={x € P:r < a(r)and y(x) < R}. (2)

2 Fixed Point Theorems

The following theorem is the extension of the Fixed Point Theorem of Cone Ex-
pansion and Compression of Functional Type.

Theorem 2.1 Let P be a normal cone in a real Banach space E, and let o and
v be nonnegative continuous functionals on P. Assume P(vy,a,r, R) as in (2) is a
nonempty bounded subset of P,

A:P(y,a,r,R)— P
18 a completely continuous operator and
P(a,r) € P(7,R)
for these sets as in (1). If one of the two conditions
(H1) a(Az) <7 for all x € OP(a, 1), v(Ax) > R for all x € OP(v, R),

inf ||Az| >0,
meaPX(ﬁﬁR)

and for all y € OP(a,r), 2 € OP(v,R), A > 1, and pu € (0, 1] the functionals
satisfy the properties

a(Ay) > Xa(y), v(pz) < py(z), and a(0) = 0;

or
(H2) a(Az) > for all x € OP(a, 1), v(Ax) < R for all x € OP(y, R),

inf  |Az|| > 0,
z€IPx (a,r)

and for all y € OP(a,r), z € OP(y,R), A € (0,1] and p > 1 the functionals
satisfy the properties

a(Ay) < Aaly), v(pz) = py(2), and 7(0) =0
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1s satisfied, then A has at least one positive fized point x* such that
r < a(z*) and y(z*) < R.
Moreover, suppose there exist xy, x,, € P such that P(vy,a,r, R) C [z, ).

(E1) If there exists an increasing completely continuous operator U : [xy, 2] — P
such that Ax < Ux for all x € [x, ] and U?x, < Uz, then

xf <ay < Uz,

where n € N and x), = lim U"z,.
n—oo

(E2) If there exists an increasing completely continuous operator L : [z, x,] — P
such that Lz < Az for all x € [x;, z,] and Lx; < L%x;, then
L' < z] <z,

where n € N and xf = lim L"z;.
n—oo

Proof: The fixed point theorem of cone expansion and compression of functional
type [3] guarantees the existence of a fixed point z* € P(~, a, r, R) for the operator
A. We are left to prove the extensions, statements (E1) and (E2). We will
prove (E1) but omit the proof of (£2), which is nearly identical. Suppose there
exist xy,x, € P such that P(vy,a,r, R) C [z;,z,] and an increasing completely
continuous operator
U:lz,xy] — P

such that

Az < Uz, Uz, <Uz,
for all z € [z, z,]. Then

= Ax* <Uzx™ <Uxy.

Since U is an increasing operator it follows by induction that, for all natural
numbers n, we have

¥ < U xy <U lz, < <Uxy.
Thus
U wu} o2,
is a decreasing sequence in P bounded below by z*. By Theorem 1.2 there exists

an x, such that

* . n : * * n
xz, = lim U"x, with 2" <z, <U"zx,
n—oo

for all natural numbers n. O
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3 Application

Consider the second-order nonlinear focal boundary-value problem

y'(t) + f(y() =0, te(0,1), (3)

y(0) =0=1y(1), (4)

where f: R — [0,00) is continuous. The solutions of (3), (4) are the fixed points
of the operator A defined on the Banach space C|0, 1] (with our norm || - || being
the sup norm) by

1
x%@%=A<ﬂt@ﬂM@M& teo,1],

where

G(t,s):{t S t<s

s :s<t

is Green’s function for the operator L defined by

Ly(t) :== —y"

with right-focal boundary conditions

y(0) =0 =y/(1).

Throughout this section of the paper we will use the facts that G(¢, s) is nonneg-
ative and for each fixed s € [0, 1] Green’s function is nondecreasing in t.

Define the cone P C E = C]0, 1] by
P :={y € E : y is concave, nonnegative, and non-decreasing} ;

then clearly A : P — P by the properties of Green’s function, and by the concavity
for all y € P we have

y(@) = tlyll.
Let n € (0,1) and define the functionals a,y: P — R by

aly) = tg[%ﬂ]y(t) =y(n)

and

Y(y) = trg[gﬁ]y(t) = [yl = y(1).

In the following theorem, using the standard technique of bounding the nonlinear-
ity by constants we show how to employ the extension.
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Theorem 3.1 Suppose there exist positive real numbers r and R with r < nR,
and continuous f : R — [0, 00), such that the following conditions are met:

(1) f(w) < 2R forw € [0, R],
(i1) f(w)> ﬁ for w € [r, R].

Then, the boundary value problem (3), (4) has at least one positive solution x*
such that
r < ae®) = 2*(n) < o*(1) = 7(z") < R
Moreover,
rt/n <z*(t) < Rt(2—1t), tel0,n]
and

T 1 .
e (t— 5(152+172)> <z*(t) < Rt(2-1), ten1]

Proof: A simple application of Theorem 1.1 verifies that the cone P is normal. If
y € P(a,r), then 7 > y(n) > ny(1) = ny(y). It follows that R > r/n > ~(y), thus
y € P(v,R) and we have that P(«a,r) C P(v, R). Clearly, for all y € 0P(«a,r),
z € OP(y,R), A € (0,1] and p > 1 the functionals satisfy the properties

a(Ay) < Aa(y), v(pz) = py(z), and 7(0) = 0.

Claim 1. a(Ay) > r for all y € 9P(a, r):
If y € OP(a, ), then

1
a(dy) = / G, ) f(y(s))ds > / G(n, ) f(y(s))ds
n

m/ﬁ G(n,s)ds=r.

This also verifies that

inf ||Ay|| >r > 0.
yEIP(av,r)

Claim 2. v(Ay) < R for all y € OP(v, R):
If y € OP(v, R), then

v(Ay) = /Gls )ds<2R/Glsd = R.

Therefore the hypotheses of the fixed point theorem of cone expansion and com-
pression of functional type are satisfied and hence the boundary value problem (3),
(4) has at least one positive solution x* such that

r<a(et) =at(n) <a*(1) = y(z%) < R.
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If we define the increasing (since they are constant) operators L : P — P and
U:P— Pby

1 , 1
Ly(t) ::/77 G(t,s)mds and Uy(t) .:/0 G(t,s)2Rds,

then for all y € P(v, a,r, R) we have
Ly < Ay < Uy.
Moreover, if we define y,,y; € P by y,(s) := R and
I .s<n
yi(s) == { "
r :n<s,

then as a consequence of the concavity of P we have P(v,a,r, R) C [y, yu). By
the same argument as in Claim 2 we have that Uy, < v, and using the concavity
of Ly; together with Ly;(n) > r and Ly;(1) > r we have Ly; > y;. Hence, by
the extension of the fixed point theorem of cone expansion and compression of
functional type we have

r 1 1
L) = —"— /77 G(t, 5)ds < o (1) < 2R /0 G(t, 5)ds = Uy (t).

Simple calculations show that fol G(t,s)ds=1t— %tz, and

/1 Gt 5)ds = {t(l ~1) (0,1
n

t—3(t2+n%) :ten1l.
Od

In the following theorem, given more information concerning the nonlinearity, we
show how to take advantage of the Picard iterates.

Theorem 3.2 Suppose there exist positive real numbers r and R with r < nR,
and continuous f : R — [0, 00), such that

F(i) my+0b< f(y) forye€[r, R,
F(ii) f(y) < My+ B fory € [0, R],
and the non-negative constants m, b, M, and B satisfy the following conditions:

C(@) r<n(l—mn)(mr+b),
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C(ii) B< (2— M)R
C(iii) R(m— M) < (B —b).

Then, the boundary value problem (3), (4) has at least one positive solution y*
such that

r<a(y’) =y (n) <y(1)=7(y") <R
Moreover, for all natural numbers n we have
Ly < y*(t) < Uy,
where the functions y; and y, are defined in (5) and the operators L and U are

defined in (6).

Proof: A simple application of Theorem 1.1 verifies that the cone P is normal. If
y € P(a,r), then r > y(n) > ny(1) = ny(y). Consequently R > o= ~(y), so that
y € P(v,R) and we have that P(a,r) C P(v,R). Clearly, for all y € dP(a,7),
z € OP(y,R), A € (0,1] and p > 1 the functionals satisfy the properties

a(Ay) < Aa(y), v(pz) = py(2), and 7(0) = 0.

Define y,,y; € P for s € [0,1] by

r n<s.

y(s) = R, w(s)zz{%s S (5)

Claim 1. a(Ay) > r for all y € 9P(a, r):
If y € 9P(a, ), then by the concavity of P we have y > y; and

alAy) = /Gn, d/spiZ / G(n, s)(my(s)+b)ds

C(1)
> /n(mr—l—b)d =n(l—n)(mr+b) > r.
"

This also verifies that

inf ||Ay|| >r > 0.
yEIP(av,r)

Claim 2. v(Ay) < R for all y € OP(v, R):
If y € 9P(v, R), then

V(Ay) = / G(L ) f(y(s)ds < / G(1, 5)(My(s) + B)ds

MR+ B C(zz)
2+ R

IN

/ G(1,s)(MR+ B)ds =
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Therefore the hypotheses of the fixed point theorem of cone expansion and com-
pression of functional type are satisfied and hence the boundary value problem (3),
(4) has at least one positive solution z* such that

r<a(y’)=y"(n)<y*(1)=7vU") <R

If we define the increasing operators L : P — P and U : P — P by
1 1
Ly(t) := / G(t,s)(my(s)+b)ds and Uy(t):= / G(t,s)(My(s)+ B)ds, (6)
n 0

then for all y € P(v, a,r, R) we have
Ly < Ay < Uy.

As a consequence of the concavity of P we have P(v,«a,r, R) C [y, yu]. By the
same argument as in Claim 2 we have that Uy, < v,, and using the concavity
of Ly; together with Ly;(n) > r and Ly;(1) > r we have Ly; > y;. Hence, by
the extension of the fixed point theorem of cone expansion and compression of
functional type we have for all natural numbers n that

Ly (t) <y (1) < Uyu(D).

Example: The function

vy

fy)=%5 -5 +5

satisfies the hypotheses of the previous theorem with »r =1, R = 10, and n = 1/2
using the straight-line comparisons

y+3<fly) :yell,10]
fly) <y+10 : yelo,10].

Therefore, the boundary value problem

y(0)=0=y'(1) (8)
has a positive solution y* such that:

L™y (t) < y*(t) < U™y (t), te]lo,1],
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where

2t :0<t<1)/2
Ly (t) = - = and Uy, (t) = 10t(2 — t).
w(®) {4t—2t2—1/2 L1/2<t<1 bu(?) @-9)

For example, at ¢ = 1, we have the following table using Mathematica 5.1:

L'y (1) | Ulyu(1)
1.5 10
1.6354 | 9.1666
1.6803 | 8.7777
1.6954 | 8.6175
1.7005 | 8.5525
1.7022 | 8.5261
1.7028 | 8.5154
1.7030 | 8.5111
1.7031 | 8.5093
1.7031 | 8.5086

500000 ot WS

Note that an application of the fixed point theorem of cone expansion and com-
pression of functional type to this problem would have only yielded the existence
of a solution greater than one on the right half of the interval and less than ten on
the entire interval. Other results in the literature applying fixed point theorems
proven using degree theory have similar conclusions.
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