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We prove the existence of at least one positive solution to the time-scale, delta–nabla dynamic equation, ðgðuDÞÞ7 þ
cðtÞ f ðuÞ ¼ 0; with boundary conditions, uðaÞ2 B0ðu

DðnÞÞ ¼ 0 and uDðbÞ ¼ 0: Here, gðzÞ ¼ jzj
p22

z for p . 1;
n [ (a,b), f and c are left-dense continuous and B0 is a function “bounded” by two linear rays.
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INTRODUCTION

We study the time-scale, delta–nabla dynamic equation,

ðgðuDÞÞ7 þ cðtÞ f ðuÞ ¼ 0 for a , t , b; ð1Þ

with boundary conditions,

uðaÞ2 B0ðu
DðnÞÞ ¼ 0 and uDðbÞ ¼ 0; ð2Þ

where gðzÞ ¼ jzj
p22

z for p . 1; and n [ ða; bÞ , T for any time-scale T. Moreover, the

functions f : ½0;1Þ! ½0;1Þ and c : ½a; b �! ½0;1Þ are left-dense continuous. Let m :¼Ð b

n
cðrÞ7r . 0; M :¼

Ð b

a
cðrÞ7r . 0; we assume that there exist constants Km, KM [ (0,1)

such that

Kmx # B0ðxÞ # KMx

for all x $ 0: Note, GðwÞ ¼ jwj
1=ð p21Þ

sgnðwÞ is the inverse of g. We will refer to (g(u D))7 as

a p-Laplacian operator. In the case of the time-scales R (the real numbers), or hZ (a constant

graininess), the p-Laplacian arises in non-Newtonian fluids, in some reaction–diffusion

problems, in flow through porous media, in nonlinear elasticity, glaceology and petroleum

extraction; for a few references to such applications, see Refs. [3,7,8,15,20,22,32,33].
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Our approach will involve an application of a functional-type cone expansion–compression

fixed point theorem. Since 1997, a good deal of attention has been given to applications of

fixed point theorems yielding positive solutions for certain boundary value problems, with

the landmark papers by Erbe and Wang [21] and Wang [34] motivating such of the attention.

Applications of the Guo-Krasnosel’skii fixed point theorem [19,23,28,35], the Leggett–

Williams fixed point theorem [29], the Avery five functional fixed point theorem [11] and

extensions of those fixed point theorems in Ref. [14,24,25] have been made to yield positive

solutions, multiple positive solutions and symmetric solutions for boundary value problems

including conjugate, focal, Sturm-Liouville and Lidstone boundary conditions. For a good

selection of these results, see the book by Agarwal et al. [2], as well as the papers

[1,10,12,13,18,26,27,30]. The method here relies at its core on the fundamental theorem of

Calculus, a result that has been generalized and extended to time-scales; to gain a good

overview of the burgeoning area of time-scale research, see the recent books by Bohner and

Peterson [16,17]. For more on delta–nabla dynamic equations, first introduced by Atici and

Guseinov [9], see [4–6,31]. In the second section, some cone preliminaries are presented

along with the statement of a compression–expansion fixed point theorem in terms of

nonnegative continuous functionals. Then, in the third section, growth conditions are

imposed on f in terms of g, which are sufficient to apply the fixed point theorem and obtain

positive solutions of Eqs. (1) and (2).

PRELIMINARIES

In this section, we provide some background material from the theory of cones in Banach

spaces.

Definition 1 Let E be a real Banach space. A nonempty, closed, convex set P , E is a

cone if it satisfies the following two conditions:

(i) x [ P,l $ 0 imply l x [ P;

(ii) x [ P, 2 x [ P imply x ¼ 0:

Every cone P , E induces an ordering in E given by

x # y if and only if y 2 x [ P:

Definition 2 An operator is completely continuous if it is continuous and maps bounded

sets into precompact sets.

Definition 3 A map a is a nonnegative continuous functional on a cone P of a real

Banach space E if

a : P ! ½0;1Þ

is continuous.

Let a and g be nonnegative continuous functionals on P. Then, for positive real numbers r

and R, we define the following sets:

Pðg;RÞ ¼ {x [ P : g ðxÞ , R} ð3Þ
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and

Pðg;a; r;RÞ ¼ {x [ P : r , aðxÞ and g ðxÞ , R}: ð4Þ

Theorem 4 (Fixed Point Theorem of Cone Expansion and Compression of

Functional Type) Let P be a cone in a real Banach space E, and let a and g be

nonnegative continuous functionals on P. Assume P(g,a,r,R) as in Eq. (4) is a nonempty

bounded subset of P,

A : Pðg;a; r;RÞ! P

is a completely continuous operator with

x[›Pðg;a;r;RÞ
inf kAxk . 0;

and

Pða; rÞ # Pðg;RÞ

for these sets as in Eq. (3). If one of the two conditions

aðAxÞ # r for all x [ ›Pða; rÞ; g ðAxÞ $ R for all x [ ›Pðg;RÞ; and for all

y [ ›Pða; rÞ; z [ Pðg;RÞ; l $ 1 and m [ ð0; 1� the functionals

satisfy the properties aðlyÞ $ laðyÞ; g ðmzÞ # mgðzÞ; and að0Þ ¼ 0 ðH1Þ

or

aðAxÞ $ r for all x [ ›Pða; rÞ; g ðAxÞ # R for all x [ ›Pðg;RÞ; and for all

y [ ›Pða; rÞ; z [ ›Pðg;RÞ; l [ ð0; 1� and m $ 1 the functionals satisfy

the properties aðlyÞ # laðyÞ; g ðmzÞ $ mug ðzÞ; and g ð0Þ ¼ 0

is satisfied; then A has at least one positive fixed point x* such that

r # aðx* Þ and g ðx* Þ # R: ðH2Þ

EXISTENCE OF POSITIVE SOLUTIONS

Let E ¼ Crd½a; b � be the Banach space with the sup-norm, kuk ¼ sup{juðsÞj : a # s # b};

and define the cone P , E by

P ¼ {v [ E : v is decreasing with vðbÞ ¼ 0}:

For v [ P define the operator T by

TvðtÞ ¼ G

ðb

t

cðrÞ f B0ðvðnÞÞ þ

ðr

a

vðsÞDs

� �
7r

� �
: ð5Þ
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Lemma 5 If v is a fixed point of T, then

uðtÞ :¼ B0ðvðnÞÞ þ

ðt

a

vðsÞDs

is a solution of Eqs. (1) and (2).

Proof Suppose v is a fixed point of T and uðtÞ :¼ B0ðvðnÞÞ þ
Ð t

a
vðsÞDs. Then

uDðtÞ ¼ vðtÞ ¼ TvðtÞ ¼ G

ðb

t

cðrÞ f B0ðvðnÞÞ þ

ðr

a

vðsÞDs

� �
7r

� �
;

so that

gðuDðtÞÞ ¼

ðb

t

cðrÞ f B0ðvðnÞÞ þ

ðr

a

vðsÞDs

� �
7r:

Therefore,

ðgðuDÞÞ7ðtÞ ¼ 2cðtÞ f B0ðvðnÞÞ þ

ðt

a

vðsÞDs

� �
¼ 2cðtÞ f ðuðtÞÞ:

A

For n [ (a,b) define the nonnegative continuous functionals a and g on P by

g ðvÞ :¼ vðnÞ

and

aðvÞ :¼

ðn
a

vðsÞDs:

The following two lemmas highlight two essential inequalities that we will apply in our

main existence theorem.

Lemma 6 If v [ P with g ðvÞ ¼ R; thenðn
a

vðsÞDs $ ðn2 aÞR:

Proof Suppose g ðvÞ ¼ R and v [ P: Since v is decreasing on [a,b], for s [ ½a; n � we have

vðsÞ $ vðnÞ ¼ g ðvÞ ¼ R:

Therefore ðn
a

vðsÞDs $

ðn
a

RDs ¼ ðn2 aÞR:

A

Lemma 7 If v [ P with aðvÞ ¼ r; then

vðnÞ #
r

n2 a
;
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and

ðb

a

vðsÞDs #
rðb 2 aÞ

n2 a
:

Proof Suppose v [ P with aðvÞ ¼ r: Since v is decreasing on [a,b],

r ¼ aðvÞ ¼

ðn
a

vðsÞDs $

ðn
a

vðnÞDs ¼ ðn2 aÞvðnÞ:

Thus

vðnÞ #
r

n2 a
;

and ðb

a

vðsÞDs ¼

ðn
a

vðsÞDs þ

ðb

n

vðsÞDs

# r þ

ðb

n

vðnÞDs

¼ r þ ðb 2 nÞvðnÞ

# r þ
rðb 2 nÞ

n2 a

¼
rðb 2 aÞ

n2 a
:

A

We now prove our main existence theorem for the time-scale one-dimensional p-Laplacian

boundary value problem.

Theorem 8 Suppose there exist positive real numbers r and R with r # ðn2 aÞR and left-

dense continuous functions f : ½0;1Þ! ½0;1Þ and c : ½a; b �! ½0;1Þ such that the

following conditions are met:

(i) f ðwÞ $ k for some positive constant k, for all w [ ½r;1Þ;

(ii) f ðwÞ #
g r

n2að Þ
M

for all w [ 0; r
n2a

ðKM þ b 2 aÞ
� �

;

(iii) f ðwÞ # gðRÞ
m

for all w [ ½RðKm þ n2 aÞ;1Þ:

Then the operator T has at least one fixed point v* such that

r # aðv* Þ and g ðv* Þ # R:

Proof We will invoke the fixed point theorem of cone compression and expansion of

functional type (Theorem 4) once we have shown that the hypotheses (H2) have been

satisfied. We have that P is a cone in the Banach space E with the sup norm. From Eq. (5),

T:P ! P since f ðxÞ $ 0 on [0,1), cðtÞ $ 0 on [a,b], G is increasing on [0,1), andÐ b

t
cðrÞ f B0ðvðnÞÞ þ

Ð r

a
vðsÞDs

� �
7r is decreasing for all v [ P. For z [ ›P(g,R) and m $ 1;

g ðmzÞ ¼ mzðnÞ ¼ mg ðzÞ

with gð0Þ ¼ 0; similarly for y [ ›Pðg;RÞ and l [ ð0; 1�;

aðlyÞ ¼

ðn
a

lyðsÞDs ¼ l

ðn
a

yðsÞDs ¼ lað yÞ:
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If u [ Pða; rÞ; then

g ðuÞ ¼ uðnÞ #
1

n2 a

ðn
a

uðsÞDs ¼
1

n2 a
aðuÞ #

r

n2 a
# R;

so that u [ P(g,R) and Pða; rÞ # Pðg;RÞ: If u [ ›Pðg;a; r;RÞ; then by (i) we have

kTuk ¼ G

ðb

a

cðrÞ f B0ðuðnÞÞ þ

ðr

a

uðsÞDs

� �
7r

� �

$ G

ðb

n

cðrÞ f B0ðuðnÞÞ þ

ðr

a

uðsÞDs

� �
7r

� �

$ G k

ðb

n

cðrÞ7r

� �
;

so that

u[›Pðg;a;r;RÞ
inf kTuk $ G k

ðb

n

cðrÞ7r

� �
. 0:

If v [ ›P(a,r), then by Lemma 7

ðb

a

vðsÞDs #
rðb 2 aÞ

n2 a
;

Hence for r [ ½a; b �;

0 # B0ðvðnÞÞ þ

ðr

a

vðsÞDs #
r

n2 a
ðKM þ b 2 aÞ:

It follows from condition (ii) that

aðTvÞ ¼

ðn
a

G

ðb

t

cðrÞ f B0ðvðnÞÞ þ

ðr

a

vðsÞDs

� �
7r

� �
Dt

#

ðn
a

G

ðb

a

cðrÞ f B0ðvðnÞÞ þ

ðr

a

vðsÞDs

� �
7r

� �
Dt

# ðn2 aÞG
g r

n2a

� �
M

� �ðb

a

cðrÞ7r

� �
¼ r:

Therefore, aðTvÞ $ r: If v [ ›P(g,R), then by Lemma 6 we have

ðn
a

vðsÞDs $ ðn2 aÞR;

Hence, for r [ ½n; b �;

KmR þ ðn2 aÞR # B0ðvðnÞÞ þ

ðn
a

vðsÞDs # B0ðvðnÞÞ þ

ðr

a

vðsÞDs:
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Thus, by condition (iii),

g ðTvÞ ¼ G

ðb

n

cðrÞ f B0ðvðnÞÞ þ

ðr

a

vðsÞDs

� �
7r

� �

# G
gðRÞ

m

� �ðb

n

cðrÞ7r

� �
¼ R:

Therefore, gðTvÞ # R: Therefore, the hypotheses of the fixed point theorem of cone

compression and expansion of functional type are satisfied. Thus, the operator T has a fixed

point v* such that

r # aðv* Þ and gðv* Þ # R:
A

EXAMPLE

Let T ¼ R; and consider the unit interval differential equation

ðu0ju0jÞ0 þ 4t arctan ðuÞ ¼ 0 for 0 , t , 1; ð6Þ

with boundary conditions

uð0Þ ¼ u0ð0:5Þ þ sin ðu0ð0:5ÞÞ and u0ð1Þ ¼ 0: ð7Þ

Note that we have taken p ¼ 3; cðtÞ ¼ 2t; f ðwÞ ¼ 2 arctan w; n ¼ 0:5 and B0ðxÞ ¼ x þ sin x

then m ¼
Ð 1

n
cðtÞ dt ¼ 0:75; M ¼

Ð 1

0
cðtÞ dt ¼ 1; Km ¼ 0:5 and KM ¼ 2 so that

Kmx # B0ðxÞ # KMx

for all x $ 0: Let r ¼ 1 and R ¼ 3: Then r # nR; and f ðwÞ :¼ 2 arctan w maps [0,1) to

[0,1), meeting the following conditions:

(i) f ðwÞ $ 1 for all w [ [1,1),

(ii) f ðwÞ # 4 for all w [ [0,6],

(iii) f ðwÞ # 12 for all w [ [3,1).

Therefore, by Theorem 8, the operator T is given by

TvðtÞ ¼ G 4

ð1

t

r arctan vð0:5Þ þ sin vð0:5Þ þ

ðr

0

vðsÞ ds

� �
dr

� �

with GðwÞ ¼ sgnðwÞ
ffiffiffiffiffiffiffi
jwj

p
has a fixed point v* such that

1 #

ð0:5

0

v* ðsÞ ds; v* ð0:5Þ # 3:

Then

uðtÞ :¼ v* ð0:5Þ þ sin v* ð0:5Þ þ

ðt

0

v* ðsÞ ds

is a solution of the boundary value problem (6) and (7) by Lemma 5.
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