TAYLOR POLYNOMIALS FOR NABLA DYNAMIC EQUATIONS
ON TIME SCALES

DOUGLAS R. ANDERSON

ABSTRACT. We are concerned with the representation of polynomials for nabla
dynamic equations on time scales. Once established, these polynomials will be used
to derive Taylor’s Formula for dynamic functions. Several examples are given for

special time scales such as Z, R, and qZ for ¢ > 1. These polynomials will be
related to those given for delta dynamic equations.

1. PRELIMINARIES ON TIME SCALES

The following definitions can be found in Agarwal and Bohner [1], Atici and Gu-
seinov [2], and Bohner and Peterson [3]; these are based on the notions first introduced
by Hilger in his Ph.D. thesis [4]. A time scale T is any nonempty closed subset of R.
It follows that the jump operators o,p: T — T

o(t)=inf{s€T: s>t} and p(t)=sup{seT: s<t}

(supplemented by inf () := sup T and sup () := inf T) are well defined. The point ¢t € T
is left-dense, left-scattered, right-dense, right-scattered if p(t) = t, p(t) < t, o(t) = t,
o(t) > t, respectively. If T has a right-scattered minimum m, define T, := T — {m};
otherwise, set T,, = T. If T has a left-scattered maximum M, define T* := T — {M };
otherwise, set T® = T. The forward graininess is p(t) := o(t) — t. Similarly, the
backward graininess is v(t) 1=t — p(¢).

For f: T — R and t € T", the delta derivative [3] of f at ¢, denoted f2(t), is
the number (provided it exists) with the property that given any £ > 0, there is a
neighborhood U of ¢ such that

[f(e(t)) = f(s) = f2()[o(t) = s]| < elo(t) — 5|

for all s € U. For T = R, we have f® = f’, the usual derivative, and for T = Z we
have the forward difference operator, f2(t) = f(t +1) — f(t).

For f : T — R and ¢t € T,, the nabla derivative [2] of f at ¢, denoted fV (), is
the number (provided it exists) with the property that given any € > 0, there is a
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neighborhood U of t such that
[F(p(8)) = f(s) = FY(O)p(t) = s]| < elp(t) — 3|

for all s € U. For T = R, we have f¥V = f’, the usual derivative, and for T = Z we
have the backward difference operator, fV(t) = f(t) — f(t — 1).

A function f : T — R is left-dense continuous or ld-continuous provided it is
continuous at left-dense points in T and its right-sided limits exist (finite) at right-
dense points in T. If T = R , then f is ld-continuous if and only if f is continuous. If
T = Z, then any function is ld-continuous. It is known [3] that if f is ld-continuous,
then there is a function F'(t) such that FV(t) = f(t). In this case, we define

/ [()Vt = F(b) - F(a).

Remark 1. The following theorems delineate several properties of the delta and nabla
derivatives; they are found in [2] and [3, p331-333].

Theorem 1. Assume f : T — R is a function and let t € T". Then we have the
following:

(i) If f is delta differentiable at t, then f is continuous at t.

(i) If f is continuous at t and t is right-scattered, then f is delta differentiable

ottt Flo(t) - F(O
o = LD,

(iii) If t is right-dense, then f is delta differentiable at t iff the limit
F - £
s—t t—s
exists as a finite number. In this case
A - f(t) — f(s)
t) = lim —F————=.
fR() = lim ———

(iv) If f is delta differentiable at t, then
Fo() = F() + u(t) F2(0),

where f7 = foo.

Theorem 2. Assume f : T — R is a function and let t € T,. Then we have the
following:
(i) If f is nabla differentiable at t, then f is continuous at t.

(i) If f is continuous at t and t is left-scattered, then f is nabla differentiable at
t with



NABLA TAYLOR POLYNOMIALS 3

(iii) If t is left-dense, then f is nabla differentiable at t iff the limit
0~ ()

s—t t—s
exists as a finite number. In this case

(iv) If f is nabla differentiable at t, then
fot) = f(t) = v(®) f¥ (1),
where fP = fop.
Theorem 3. Assume f,g: T — R are nabla differentiable att € T,. Then:
(i) The sum f+ g: T — R is nabla differentiable at t with

(f+9)V () = fY(t) + g7 (1)

(ii) The product fg: T — R is nabla differentiable at t, and we get the product
rules

(fo)V(t) = [V ()g(t) + f()g" () = f(t)g" (t) + f¥ (t)g" ().
(iii) If g(t)g”(t) # 0, then 5 is nabla differentiable at t, and we get the quotient

rule
AN MONOESIOIMO)
(5) o=
(iv) If f and fV are continuous, then

(/atf(t,s)vs)v — (p(1),1) +/at Yt 5)Vs.

2. MONOMIALS

The generalized monomials, that will also occur in Taylor’s formula, are the func-
tions hy : T> — R, k € Ny, defined recursively as follows: The function hy is

(1) ho(t,s) =1 forall s,teT,

and, given ﬁk for k € Ny, the function fzkﬂ is
t
(2) hisa(t, s) :/ hi(1,8)VT forall s,teT.

Note that the functions iLk are all well defined, since each is 1d-continuous. If we let
hY (t,s) denote for each fixed s the derivative of hy (¢, s) with respect to ¢, then

(3) WY (t,s) = he(t,s) for keN,teT,.
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The above definition implies
h(t,s)=t—s forall s,teT.

Finding the hy, for k > 1 is not easy in general. But for a particular given time
scale it might be easy to find these functions. We will consider several examples first
before we present Taylor’s formula for arbitrary time scales.

Example 1. For the cases T =R and T = Z it is easy to find the functions h:
First, consider T = R. Then p(t) =t for ¢t € R, so that

(t —s)"
k!
for s,t € R, k € Nyg. We note that, for an n times differentiable function f : R — R,

the following well-known Taylor’s formula holds: Let o € R be arbitrary. Then, for
all t € R, the representations

0 = Y 0w L o @ar

n!
k=0

]Alk(t7 S) -

(4) - thtaf(’“ / o(t, (7)) D ()

are valid, where f*) denotes as usual the kth derivative of f.
Next, consider T = Z. Then p(t) =t —1, Vf(t) = f(t) — f(t — 1) for ¢t € Z, and
13, p333]

/f w—t;lf

For a nonnegative integer k and ¢ € Z, define the discrete factorial function ¢ to the
k rising by t° := 1 for k = 0, and

=t + 1) (t+k—1)
for k > 1; then
Vb = kth1,

For s,t € Z and k € Ny we have

~—
Eall

5) intts) =

for all s,t € Z.
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Therefore the discrete nabla version of Taylor’s formula reads as follows: Let f : Z —
R be a function, and let a € Z. Then, for all t € Z with t > a+n, the representations

0 = Y @) 4 LS - )
k=0 ) T r=a+1

(6) = D it )V (@) + Y Bt p(r) V" f(7)

T=a+1

hold, where V* is the k-times iterated backward difference operator.

Example 2. We consider the time scale

T_q _{0517q7 7q27q_27"'}
for some ¢ > 1. Here v(t) =t —p(t) =t —t/q = (¢ — 1)t/q. From [3, Example 1.104]
and Theorem 9 later in this paper we have that

k—1
. T
(7) hn(t.s) = [[ ey forall steT

holds for all £ € Ng.

3. TAYLOR’S THEOREM

We will consider Taylor’s Theorem in the context of higher-order dynamic equa-
tions. In this setting, the theorem will be proved using the variation of constants
formula. With this in mind, we begin this section with a general higher-order equa-
tion. For n € Ny and ld-continuous functions p; : T — R, 1 < ¢ < n, with regressivity
condition

1+§: ty#£0 teT,,

we consider the nth order hnear dynamlc equation

(8) Ly=0, where Ly=vy" + Zpiyv -
i=1
A function y : T — R is a solution of equation (8) on T provided y is n times nabla
differentiable on T,» and satisfies Ly(t) = 0 for all ¢ € Txn. It follows that yV" is an
ld-continuous function on T,x.
Now let f: T — R be ld-continuous and consider the nonhomogeneous equation

(9) yv" ( +sz V() = f(t).
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Definition 1. We define the Cauchy function y : T x T,.» — R for the linear dynamic
equation (8) to be for each fixed s € Ty the solution of the initial value problem

Ly=0, yV(p(s),s)=0, 0<i<n—2, 3" "(p(s),s)=1.
Remark 2. Note that

~

y(t, 3) = hn—l<t7 p(S))
is the Cauchy function for yv" = 0.

Theorem 4 (Variation of Constants). Let a € Tyn and t € T. If f € Cyq, then the
solution of the initial value problem

Ly=f(t), y¥()=0, 0<i<n—1
s given by t
o) = [ ot 7)1V,
where y(t,7) is the Cauchy function foar (8).

Proof. With y defined as above and by the properties of the Cauchy function we have

y¥' (1) = / y% (6 7) F() VT 57 (o), )£ (1) = / g% (6, 7) (1) VT

for 0 <i<n-—1and

0= [ D@V 0,000 = [0 6056V S
It follows from these equations that
yvi(a):o, 0<i1<n-1
and .
Lt) = [ Ly(e.n)f(7) 97+ 1(0) = £,
and the proof is complete. ) O

Theorem 5 (Taylor's Formula). Let n € N. Suppose f is n+ 1 times nabla differ-
entiable on Tyni1. Let o« € Tyn, t € T, and define the functions hy by (1) and (2),
i.€.,

ho(r,s) =1 and  hyyq(r,s) = / hi(1, $)VT for k € Ny.

Then we have

n

£ =S bt o) f™ (@) + / bt p () £ (1)

k=0
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Proof. Let g(t) := f¥""'(t). Then f solves the initial value problem
$Vn+1 =g, ka (O{) = ka (Oé), 0 S k S n.

Note that the Cauchy function for V""" = 0is y(t, @) = hn(t, p()). By the variation
of constants formula,

t
16 =)+ [ Tt o)1) 77
where u solves the initial value problem

(10)

v =, u (o) = fV(a), 0<m<n.

To validate the claim that u(t) = S3r_, he(t,a) f¥ (a), set

w(t) = Z hie(t, ) f¥" (o).

Vn+1

By the properties of the fy, given in (1) and (3), w = 0. We have moreover that

Z m(t.0) ¥ (a),

=m

so that
a) = hpem(o,a) ¥ (@) = £ (@)
k=m

for 0 < m < n. We consequently have that w also solves (10), whence u = w by
uniqueness. [l

Remark 3. The reader may compare Example 1 (i.e., the cases T =R and T = 7Z) to
the above presented theory. Taylor’s formula corresponds to formulas (4) and (6).

Corollary 6. Let o, 8 € T be fixed. For any t € T and any positive integer n,

—_ Z ]Alk(t, Oé)iln—k(aa /6)
k=0

Proof. Take f = hy(-, 3) in Taylor’s formula. O

Ezample 3. For T = Z, consider f(t) = (1) for t € Z. If we expand f about 0, then
Taylor’s formula (6) for f is given by

(%)t — Po(t) + Enlt),
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where the Taylor polynomial P, is defined by
n (__1)ktE

Py(t) = -

k=0

and the error term F, is given by

—1)nt+1 t o T .
EH@):{( T 1-TT(3)T i >0

0 it t<0

Fort =1, P,(1) = ﬁ and E,(1) = #, so that the Taylor polynomial P,

will not converge to f at 1 as n — oo. If ¢ <0, however, then
oo k [¢] k [
1Y & EDME Lt 1
<§> =2 = =2 ()
k=0

k=0 k=0

converges easily since t is nonpositive.

4. FURTHER PROPERTIES

In this final section we relate the functions Ay as introduced in (1) and (2) (which
we repeat below) to the functions hy and g in the delta case [1, 3], and the functions

-
Definition 2. For ¢,s € T define the functions

ho(t, s) = go(t, s) = ho(t, s) = go(t,s) =1,
and given h,, g, ﬁn, g for n € N,

t
B () = / (7, 8)Ar
t
Gt 5) = / Gn(o(7), 5) AT
A t/\
hpia(t, s) :/ ho(7,8)VT

t
nar(t.5) = [ ,(p(r). 997

We will need the following theorems.

Theorem 7. [3, Theorem 1.112] The functions g, and hy defined above satisfy

hn(t7 5) = (_1)nQN(S7t)
forallt € T and all s € T*".
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Theorem 8. [2, Theorems 2.5, 2.6] If f : T — R is delta differentiable on T" and if
2 is continuous on T®, then f is nabla differentiable on T, and

FY() = (o))
for allt € T,.
If f : T — R is nabla differentiable on T, and if f¥ is continuous on T,, then f is
delta differentiable on T" and

fA) = fY(a(1)
for all t € T".

Theorem 9. Let t € T, NT* and s € T"". Then hy(t,s) = (=1)"h,(s,t) for all
n > 0. In other words,

A

ho(t,s) = gn(t,s), ha(t,s) = gn(t,s).
Proof. For n =0,
ho(t,s) =1 = (—1)°ho(s, t).
Assume
B (t,8) = (1) hy, 1 (s, 1),
n > 0. Note that since h,_1(-, s) is nabla differentiable, it is continuous for each fixed
s € T. Then, using Theorems 7 and 8

he(t,s) = hYo(t,s)
= iln—l(a(t)VS)
= (=1)" " hu_i(s, 0(t))
= gn-1(o(t),s)
= gﬁ(t,s).

Therefore

~

hn(t,s) = gn(t,s) + c(s)
for all t € T, NT" and s € T"". But hy,(s,s) = 0 = g,(s,5), so that ¢(s) = 0. It
follows that

~

hn(t,s) = gn(t,s) = (=1)"h(s, 1)
and the induction is complete. The proof relating h,, and g, is similar. 0

Remark 4. Recall that
so that

fort € T, and s € T.
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Lemma 10. Letn € Ny. Fort € T and s € T,

Zl/ nktS

Proof. For n =0,

Assume

Then

b (1, 9(5)) = / (7, p()) V7
(

k=0
+v(s) Z VR () hni(s, 8)
= Zyk( Vhnri-k(t, s) + " (s)

= Z I/k(s)ianrlfk(ta 3)7
k=0

which completes the induction.

Corollary 11. Fiz c € T and n € Ny. Then

n+1 § V

forte T, NT".
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Proof. Let n € Ny. Then

~

h:—&-l(C? t) (_1)n+lh5—i—l<t’ C)
= (=1)""hRY (¢, )
(=1)" hy(p(t), c)
= (=)™ (=1)"hn(c, p(t))
= = LW hailet),
k=0
where we have used Theorems 8 and 9. [l
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