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Abstract

We determine sufficient conditions for the positivity of the Green’s function
for a certain n-point right focal boundary value problem. For n = 3,4, 5 we see
that positivity depends on the distances between boundary points.
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1 Preliminaries
In this paper we will be concerned with the operator L defined by
Ly(t) i= (—1)" Amy(t — ), 1)

where t, n, and k are from Z (the set of integers), with n > 2 and k& > 1. Then the
n-point right focal boundary value problem that we will consider is given by

Ly(t) =0, for teZ, (2)
with
A y(ty) =0, where a =t <ty <--- <t, 1 <t,=b+1. (3)

We note that solutions to (2) are defined on Z. The following lemma, however, con-
cerns solutions y to the corresponding nonhomogeneous n-point right focal boundary
value problem

Ly(t) = h(?)

for t € [a+ k,b+ k] with boundary conditions as in (3), where h is some real-valued
function defined on [a + k, b+ k| for k € {1,2,...,n}. The proof is from Diaz [2].

Lemma 1 Suppose a function G, (t,s) has the properties:
(i) Gyu(t,s) is defined on [a,b+n] x [a+ k,b+ k|;

(17) For each fized s € [a+ k,b+ k|, LG,(t,s) = 0 for all t € [a,b+ n], where O
is the Kronecker delta function;

(ii7) For each fived s € [a + k,b+ k], A" 'G,(t,,s)=0,r=1,2,...,n.



Then, for h(t) defined on [a + k,b+ k|, where k € {1,2,...,n}, we have that

b+k

y(t) = 3 Gult, )h(s)

s=a+k

solves Ly(t) = h(t) with the boundary conditions given in (3).

Proof: For t € [a+ k,b+ k],

Ly(t) = L ( > Gn(t,s)h(s)>

s=a+k
b+k
= > LGy(t,s)h(s)
s=a+k
b+k

= Z dish(s)

s=a+k

= h(t).

The boundary conditions are satisfied by condition (7i7) in the statement of the lemma.
O

The Green’s function for the n-point right focal boundary value problem given by
(2) and (3) is defined to be the unique function satisfying properties (i) through (i)
given in Lemma 1. The development of this Green’s function will be given in the next
two sections, and summarized in Lemma 2.

2 The Factorial Function

We will now need what is known as the factorial function. This function, tU), is
defined as follows:

(i) if j=1,2,3,..., then tW) =¢t(t — 1)(t —2)--- (t —j + 1);

(ii) if j = 0, then t© = 1;

cee . . y 1 .
(111) lf] = —1,—2,—3,..., then t(j) = m,
(iv) if j is not an integer, then t() = %, where I'(¢) is the gamma function.

We note from (i) that for j a positive integer, we have the well-known formula
AU) — jt(j—l)'

When s € [ty + k,t, + k — 1] = [a + k, b+ k| for some integer k > 1, define

yi(t,s) == %(t — )W) (4)



for j =1,2,...,n— 1; by convention yy(t,s) =1 for all ¢ and s. Then

Ajy;(t,s) = y;—i(t,s) (5)

for 7 < j, and .
Ajy,(t,s) =0

for i > j. Thus, y;(¢,s) is a solution to the initial value problem
Ly;(t,s) =0, A'y;(s,s) = &ij,

forj=1,2,...,n—1land7z=0,1,...,n—1. Asaresult, a set of n linearly-independent
solutions to Ly = 0 for L as in (1) is {1,y1(¢,$), ..., yn_1(t,s)}. Moreover, for fixed
t, y;(t,s) can be thought of as a function of s; it is easy to verify that

yJ'(t?S) = (_1)jyj(5 +j - 17t)' (6)

3 Green’s Function for the Right Focal Problem

Following Hartman [3], a solution y of Ly(t) = 0 has a generalized zero at a provided
y(a) = 0, and a generalized zero at ty > a if either y(ty) = 0 or there is an integer
k, 1 <k < ty— a, such that (—1)*y(to — k)y(to) > 0 and, if k > 1, y(to — k + 1) =
-+ =u(ty — 1) = 0. The difference equation Ly(t) = 0 is said to be right disfocal on
the interval [a, b + n] if there does not exist a nontrivial solution y of Ly(t) = 0 and
points t; < ty < -+ < t, € [a,b+ 1] such that A""'y has a generalized zero at t;,
1 <i < n. Note that when L is defined as in (1), Ly(t) = 0 is right disfocal over any
interval.
For integers n > 2 and k > 1, and for i = 1,2,...,n — 1, define

Un,i(t,s) = uni(t, s t1,ta, ..., 1),

with ¢, s, and ¢; all integers for 1 < j < n, as follows:

0 y(t,t1) wa(t,ty) - ya—a(t,t1)
ho(s, 1) 1 yi(te, t1) - Yn—o(ta, t1)
hs(s, ) 0 1 oo Yn—s(ts, th)
Uni(t,s) = (—=1)"+! | ha(s,9) 0 0 o ynaltaty)] (7)
h—1(s,1) 0 0 o Yi(teo1, )
1 0 0 1
where
hj(s,i) = H(j — 1 —i)yn_j(tj;s — k +1) (8)
forj=2,3,...,n—1landi=1,2,...,n— 1. Here
H(z) = 0 :2<0
1 :2>0



is the usual Heaviside function, and y;(t, s) is as defined in (4). In addition, define
Uity 8) = U i(t,s) + (=1)" 'y 1 (t,s —k+ 1) 9)

for integers n > 2, k> 1, and fori =1,2,...,n — 1.

Note that u, ;(t, s) and v, ;(t, s) solve (2) for all integers ¢. In the following lemma
we will show that w,,; and v,,; compose the constituent parts of the Green’s function
for the n-point right focal boundary value problem given by (2) and (3). Ordinarily
we would consider the Green’s function Gy, (¢, s) for (¢,s) in [a,b+ n] X [a + k, b+ k],
as in Lemma 1. In the subsequent development, however, we will need to consider
Gn(t, s) on an extended domain, allowed by the existence of u, (¢, s) and v, ;(t, s) for
all t € Z. The proof, due to Diaz [2] on the traditional domain, is thus established
for the necessary extended domain:

Lemma 2 For u,;(t,s) = uni(t,s : t1,ta, ..., t,) as in (7) and v,;(t,s) = v, (L, s :
ti,ta, ... t,) as in (9),
(
sel, : upi(t,s) t<s—k+n
vpa(t,s) t>s—k+1
Upo(t,s) t<s—k+n
n(t,sity,... t,) =< S€EIL : ’ 1
Gnlt:s it tn) ? {Un’g(t,S) t>s—k+1 (10)
nn_1(t, t<s—k
sel . Upn—1(t, 5) s +n
\ Upn—1(tys) t>s—k+1,

where Iy = [ty + k,to+k—1] and I; = [t; + k— 1, t; .1 +k—1] fori=1,2,...,n—1,
satisfies properties (i) through (i1i) in Lemma 1, and hence is the Green’s function
for the n-point right focal boundary value problem given in (2) and (3).

Proof: We will actually show that G,,(t, s) as given in (10) is defined on Zx [a+Fk, b+k].
First, note that from (7) and (9) we have

Vpi(t,8) — Uni(t,8) = (=1)" 1y, _1(t,s — k +1).
By (4),
yn—l(s_k+jas_k+1) =0
for j = 1,2,...,n — 1; thus, v,,(t,s) = u,;(t,s) fort € [s —k+1,s —k+n —1],
sel;, fori=1,2,...,n—1. Sincea=t; and t, =b+ 1,
s€ti+kt,+k—1]=a+kb+k]

and (i) of Lemma 1 is satisfied, here with ¢ € Z.
Now let s € [a+ k,b+ k]; then s € [; for some i € {1,2,...,n—1}. For t < s, we
have t —k < s —k < s—k +n, and so from (10) and (1),
LG,(t,s) = (=1)"*ArG,(t —k,s)
= (=1)" "Alu,(t — k, s)
= Lu,,(t,s)
0,



since uy, ;(t, s) is a solution of Ly(t) = 0. If ¢t > s, then ¢t — k > s — k; in other words,
t—k>s—k+1. Again by (10),
LG, (t,s) = (=1)"'A'G,(t—k,s)
= (=1)" At —k, )
= Lu,,(t,s)
= 0,
likewise since vy, ;(t, s) is a solution of Ly(t) = 0. Suppose finally that ¢t = s € I;, for
some i€ {1,2,...,n—1}. Because s—k+j <s—k+nforje{0,1,...,n—1}, we
have from (10) that
Gn(s —k +j7 S) = un,i(s —k +j7 8)
for j €{0,1,...,n— 1}, and
Gn(s —k+mn,s) =v,,(s — k+n,s).
Note that for any function y we have
n - i(n .
a0 = 3o -17 (T )ate-4 0= ) (1)
=0
by the definition of the forward difference. Then, using (11), we get
LG,(s,5) = (=1)"'A"G.(s—k,s)

= (-1 Z:;(_l)j (?) Gu(s —k+n—j,s)

= (—1)71_11)”71'(8 —k+mn,s)

n

(=S (1) (Z‘) Uni(s —k+n—j,s)

j=1
= (=1D)" oui(s —k+n,8) —upi(s — k+n,s)]
+(—1)" Z(—l)j <n) Uni(s—k+n—7,s)
=0 J
= (=" (=1)"yp1(s—k+n,s—k+1)]
+(—1)”_1A"un7i(s —k,s)
— 140
= 1.
Since s was an arbitrary element of [t; + k., + k — 1], we have that LG, (t,s) = s,

which is (i7) of Lemma 1, proven here for all ¢ € Z.
Lastly, we need to show that for each fixed s € [t; + k,t, + k — 1],

AIGL (L, 8) =0

forr=1,2,...,n. Fix s € I; for some ¢ € {1,2,...,n — 1}. Since t; = a we have
t1 +k < s, sothat t; < s —k < s — k + n. Hence from (10) we see that

Gn(tl, S) = um(tl, S).

5



But y;(t1,t1) =0for j =1,2,...,n— 1, and so the top row of the determinant in (7)
is all zeros; thus,
Gn(tla S) =0.

For r =2,3,...,i, consider A""'G,(¢t,,s) with ¢, <t;. Then 2 <r <4, and

t, < t;+1—1
< s—k+1
< s—k+n,
since t; + k — 1 < s. Then
ATIGL (L, 8) = A’”’lunyi(tr,s)
O AT?lyl (tT7 tl) Tt AT?lyTb—l(tTW tl)
0 1 e Yn—2(t2, 1)
= (_1)n+1 0 0 T Yn—r(tr,t1)
hn—1(57 /l) 0 e Y1 (tn—17 tl)
0 Yo—r (tr; tl) e yn—r(tra tl)
0 1 co Yn—o(ta, th)
= (_1)n+1 0 0 Tt yn—r(tm tl)
hn—l<$>i) 0 o yl(tn—latl)

=0
as the first row and the r*" row are the same. Therefore,
A'G (e, 8) =0
forr=23,...,i. If 1 <7 <r <n,then t;y; <t,.. Hence,

trzti_HZS—k—{'l,



because s < t;; 1 +k — 1. As a result,

A"G(te,s) = ATt s)
= A"t s) + (=) AT Yy, (t, s — k4 1)

0 H2-r) - Yn—r(tr, t1)
0 1 e Yn—2(t2, t1)
= (—1)H hi+1:(s7 i) O " yn—(i—&-l);(ti—i—la t1)
h(sd) 0 (it
T S

+(_1)n_1yn—r(trv s—k+ 1)

Ynr(trys—k+1) H2—1) --- Yn—r(try t1)
0 1 Yn—2(ta, 1)
= (—1)H hi+1;(sv i) 0 yn—i—l(;ti—i-l, t1)
Yor(bns—k+1) 0 e g (et)
! 0 1

by the definition of h,(s, i) given in (8). Again, since the first and r** rows are equal,
A G (e, 8) =0

forr =144 1,7+2,--- ,n. Thus, property (iii) of Lemma 1 is met. O

4 Properties of u,;(t,s) and v, (t, s)

We would like to know conditions that are sufficient for the Green’s function G, (t, s)
given in (10) to be positive on (t1,t, +n — 1] X [t; + k, t,, + k — 1]. To do this we will
want to know how G, (¢, s) behaves as a function of both ¢ and s. But before we can
say something about the difference of G, (¢, s) with respect to t and s, respectively,
we need the following lemmas.

Lemma 3 Let a and b be fixed integers. For any integer t and any positive integer

Js
j—1

yj(t7 b) = yj(t7 a) - yj(b7 CL) - Z yj—m(b7 a)ym(tv b)

m=1



Proof: By definition,
1 1 .
y;(t,b) = ]'(t_b> = J—(t—b)(t—b—1)---(t—b—j+1).
Thus, y;(t,b) satisfies

APy;(b,b) =0 for pe{0,1,...,5 —1},

and .
Ajyj(t,b) =1.

Set .
i

w(t) == y;(t,a) —y;(b,a) Zyj m (b, a)ym(t,b).
m=1

Then w(b) =0, and for p € {1,2,...,j — 1},
j—1
APw(t) = APy,(t,a) Zy] —m(b,a) APy, (t,b)
m=1

j—1
Yj-p(t,a) — Zyjmba)ym p(t,0)
m=p
by (6), so that when ¢ = b, we have

j—1
APw(b) = yj_p(b,a) Zyj m (b, @)Ym—p(D, b)
m=p

= yYjp(b,a) —y;p(ba)-1
= 0.

Finally,

j—1
Nuw(t) = Aly;(t,a) Zy] m(b,a) Ay, (t, 1)
m=1

- 1-0

= 1.
Therefore w(t) and y;(, b) satisfy the same conditions, and by uniqueness of solutions,
they are equal. |
Lemma 4 Consider u, ;(t,s : t1,ta,...,t,) as given in (7). Then we have

Atum(t, S tl,tg, P ,tn) = _un—l,i—l(t; S tz,tg, e ,tn)
fori=2,3,...,n—1, and

Appn 1 (t,s by, tay .o ty) = (=1)"yp_a(t,s — k + 1).

oo



Proof: Fix an integer s and think of w, ;(¢,s) = u,(t,s : t1,t2,...,t,) as a function
of t. Then

O 1 U1 (t, tl) te yn_g(t7 tl)
ho(s,i) 1 wyi(ta,ty) -+ yYn—o(ta, t1)
hs(s,i) 0 1 o Yn—s(ts, th)

Aty i(t, s) = (—1)"+ hy(s,i) 0 0 oo Ynog(tg, 1) 7
haa(59) 0 0 o et

1 0 0 e 1

using (5); here h;(s, ) are as defined in (8). Replace row 1 of this n x n determinant
by (row 1 - row 2), and then expand along the 1 in the second row, second column
to get the n — 1 x n — 1 determinant

—ho(s, i) yi(t,t2)  2(t) 0 Gna(t)
hs(s, ) 1 yi(ts,t1) -+ Yn—s(ts, t1)
h4(3, Z) 0 1 cee yn—4(t47 tl)

Asti i(t,s) = (—1)"+1 | hs(s,9) 0 0 o Ynos(ts, th)|
hp—1(s,14) 0 0 oyt )
1 0 0 o 1

where g;(t) :=y,(t,t1) — y;(t2, 1) for 5 =2,3,...,n — 2. Now consider the entries in
column(3); we want to replace column(3) by

column(3) — y(t2,t1) - column(2).
For example, replace the first entry ¢2(t) by 92(t) — y1(t2, t1) - y1 (¢, t2), which is
Ya(t, 1) — ya(ta, t1) — ya(ta, 1)y (L, 1) (12)
from the definition of go. Using Lemma 3 with a = t; and b = t5, (12) is ya(t, to).

Likewise replace y;(t3,t1) in column(3) by yi(t3,t1) — y1(t2,t1), which is y; (¢, t2).
Thus we have

_h2(87 Z) n (tv t2) y2(t7 t2) QS(t) U gn—Q(t)
hs(s, 1) 1 Yi(ts,ta) valts,t1) -+ Yn—s(ls, t1)
h4($,i> 0 1 yl(t4,t1) s yn_4(t4,t1)

Agtini(t,s) = (—1)"+ | hs(s,1) 0 0 1 o Ynos(s, 1)

hn1(s,1) 0 0 0 oyt t)

1 0 0 0 e 1

In the same way, replace column(j) by

=2
column(j) — Z Yj—m—1(t2,t1) - column(m + 1)

m=1



for j = 4,5,...,n — 1, each time simplifying the result using Lemma 3 with a = #;

and b = ty. This process ends with

—ha(s,i) wi(t,t2) wa(tta) - yna(t,t2)
hs(s, 1) 1 yi(ts,ta) -+ yn—s(ts, t2)
h4(3, Z) 0 1 cee yn—4(t47 tg)

Asti i(t,s) = (—1)"+1| hs(s,9) 0 0 o Ynos(ls, t2)]
hp—1(s,14) 0 0 o yi(teos to)
1 0 0 . 1

By adding and subtracting H(1 — i)y,_2(t,s — k + 1), we come up with

Aptini(t,s) = (=1)"H(1 - i)yp_a(t,s — k + 1)

h(t,s,i) wi(tts) -+ Yoooltito)

hs(s, 1) 1 oo Yn_s(ts, ta)
(1) ha(s, ) 0 yn—4(‘t47t2) 7

hpn—1(s,1) 0 syt ta)

1 0 1
where
h(t, s, i) H(1 =) yp_a(t,s — k + 1) — ho(s,1)

= HA—1)|yno2(t,s —k+1) =y, o(ts,s — k+1)].

This time replace column(1) by

n—3
column(1) — H(1 — 1) Z Yn—2-m(t2,s — k + 1) - column(m + 1).
m=1

~

For example, the first entry, h(t, s, ), is replaced by

n—3

ht,s,i) — H(L =) tn-o-m(tz, s — k+ Dym(t,t2),

m=1
rewritten as

H( —d)|[ynolt,s —k+1) — yp_o(ta,s —k + 1)

n—3

- Z yn—Q—m(tQa S — k + 1)ym(ta t?)]y

m=1

which is
H(1 = i)yn—a(t, t2)

10

(13)



by Lemma 3, with b = t5, a = s — k+ 1, and j = n — 2. The overall outcome of (13)
is

Apup(t,s) = (=1)"H(1 —i)yn—o(t,s —k+1)

H(1 _Ai)yn—Q(t ta) w(tita) -+ yn—o(t,ta)

]3/2(57 7/) 1 e yn—3(t37 tQ)

" hs(s, 1) 0 o Yn—a(ts, t2)

(1) | o el )y
iLan(SaZ.) 0 e yl(tnflth)
1 0 .- 1
where
. n—3

hj(s,i) = hjs1(s,i) —H(1 =) Y Yn—o-m(t2, s — k — 1)[row(j),column(m + 1)]

=1

3

-3
= hj(s,i) — H(1 —1) Z Yn—2-m(ta; s — k — D)ym—j1(tj1,t2)  (15)
m=j—1

for j = 2,3,...,n — 2; the second equality follows from the fact that
(row(j),column(j)) =1 and (row(j),column(m + 1)) =0

when m + 1 < j in the determinant in (14). Break off the m = j — 1 term from the
sum in (15), and use the definition of hj1(s,7) given in (8) to get

~

hj(S,i) = H(] — i)yn,jfl(tj+1, s—k —+ 1) — H(l — Z‘)yn,jfl(tg, s—k -+ 1)

n—3
—H(1 =) Yn-a-mlte;s =k — Dym—js1 (i1, t2), (16)
m=j
forj=2,3,....,.n—2andi=1,2,...,n— 1.
Now for i € {2,3,...,n — 1}, we have H(1 —i) = 0, so that (16) simplifies to
hy(s,i) = H(j = 1= (i = 1)) yn-1)—j(tjs1, s — k + 1); (17)

thus, (14) becomes

R 0 yl(tth) yn—Q(t7t2)
{LQ(S, Z) ]_ c yn—3(t37 t2)
ha(s, i 0 o yalta,t
Aty s) = —(—1y | "D 0wl b)) (18)
hna(s,1) 0 oyt t2)
1 0o - 1

an n — 1 x n — 1 determinant, for j = 2,3,...,n — 2. Hence, using (7), (8), (17), and
(18), we see that

Aum(t, S tl,tg, e ,tn) = _un—l,i—l(ta S tg,tg, e ,tn),

11



fori=2,3,...,n—1. If i = 1, then (16) becomes

~

hi(s,1) = Yp—j1(tjsr,s =k +1) —yn_j1(te,s —k+1)

n—3
— Z Un—2-m(t2, 8 =k — D)Ym—jr1(tjt1, t2);
m=j

replace m by m + 7 — 1 in the sum to obtain

hi(s,1) = ynja(tjyr,s —k+1) —yoj1(ta,s —k+1)
n—j—2
— Yn—j1-m(t2, s =k — D)ym(tjt1, t2)
m=1
for j =2,3,...,n—2. By Lemma 3, with e = s —k+1, b = t, t = t;1;, and
Jj=mn—7—1, we get that

hj(s,1) = Ynojo1(tjs1, ta). (19)
Consequently, with ¢ = 1 and (19), (14) becomes

Apupi(t,s) = (=1)"yp_o(t,s —k+1)

ynfz(tﬂb) yl(t,tz) ynfz(tﬂb)
Yn—3(t3,t2) 1 c Ynos(ts, ta)
(1) Yn—a(ls, t2) 0 o Ynea(la, )]
Y1(tn—1,12) 0 o Y (taor, to)
1 0 .. 1

since the first and last columns of the determinant are the same, the determinant

vanishes, leaving
Ay 1(t,8) = (=1)"yn_a(t,s — k + 1),

and the proof is complete. O

Lemma 5 Consider v, ;(t,s) as given in (9). Fori=2,3,...,n—1,
At'l}n’l(t, S tl, tQ, e ,tn) = _Unfl,'ifl(ta S tg, t3, P ,tn),

and
Atvnvl(t, S tl,tg, Ce ,tn) =0.

Proof: By (9),
Uity 8) = wni(t,s) + (=1)" 'y 1 (t,s — k + 1).
Then for i € {2,3,...,n — 1} we have by Lemma 4 and equation (5) that

Ani(t,s) = At s) + (=) TAwna(t, s —k+1)
= —un_l,i_l(t, S tg, t3, N ,tn) — (—1)n_2yn_2(t, s—k + ]_)

= _Un—l,i—l(ty S . t2, tg, .. ,tn)

12



When ¢ =1,

Apvna(t,s)

Atin1(t,8) + (=1)" Ay (t,s — k +1)
(=1)"yn—a(t,s =k +1) + (=1)" "yp_o(t,s — k + 1)
0.

O
Lemma 6 Consider y;(t,s) as given in (4). As a function of s,
Asyj(t, S) = —yj_1<t, S+ 1)
Proof: By (4) and (i) in the definition of the factorial function,
(t,s) = l(t—s)(ﬂ')
y] 9 - ]‘
1
= ﬁ(t—s)(t—s—1)---(t—8—j+1)
1 )
= ﬁ(—l)](s—t)(s#—1—t)---(s+j—1—t)
(1) S I ¢))
— CWgls+i— 1=t
= (—1Vy(s,t—j+1). (20)
Consequently, using (5) with the roles of ¢t and s reversed and (20), we have
Agyit,s) = (=1 Agy;(s,t —j+1)
= (=Dyjalsit—j+1)
= (/-1 -+ 1s = (-1 +1)
= _yj—l(ty S+ 1)
O

Lemma 7 Consider u, ;(t,s) and v, ;(t,s) as functions of s, with t € Z fized. Then

we have the following:

Asum(t, S tl,tQ, e ,tn) = un_l,i(t, S+ 1 . tl, tz, Ce 7tn—1)

fori=1,2...

and

,n — 2, while

Asunvn_l(t, S tl,tg, Ce 7tn> = O,

Asvn,i(t, S . tl,t27 e ,tn) = Un—l,i(ta S —f- ]_ . tl,tg, Ce >tn—1)
fori=1,2,...,n—2, with

AgUpn-1(t, s ti,tay ... ty) = Yno(s —k+n—1,1).
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Proof: Recall that u, ;(t,s) is defined in terms of the n x n determinant

0 n(t,t1) w(t,ty) - yuai(t, th)
ho(n, s,1) 1 yita,t1) -0 Yn—a(ta,tr)
hg(n, S, ’l) O 1 v ynfg(tgg, tl)
Uy i(t, ) = (—1)"! ha(n, s,1) 0 0 v Ynealta ty)|

hn—l(na S, Z) 0 0 SRS | (tn—l? tl)

1 0 0 1

with
hi(n,s,i) = H(j—1—1)y,—j(tj,s —k+1) (21)

forj=2,3,...,n—1andi=1,2,...,n — 1. By Lemma 6,

Ash]’<n, S,’i) = —H(j —1- ?:)yn,j,1<tj, S + 1—k + 1)
= H( 1= gyt (s 4 1)~ kD)
= —hj(n—l,s—i-l,i),

where the second equality follows from the definition of y; in (4). As a result,

0 y1<t7t1) o yn—l(tvtl)
—hg(n—l,s—i—l,i) 1 yn_g(tg,tl)
—hs(n—1,s+1,1) 0 s Ynos(ts, t)
At i(t, s) = (=1)"* | —ha(n —1,s+ 1,49 0 v Ynoa(ta t)]
—hn_l(n— 1,S+1,i) 0 yl(tn—htl)
0 0 .- 1

We factor the —1 out of the first column and expand along the last row to obtain the
n —1 x n — 1 determinant

0 yi(t,t) - yn—a(t,t1)
ho(n — 1,5+ 1,1) 1 s Ynog(ta, tq)
h3(ﬂ-1,8+1,i) 0 yn_4(t3,t1)
A i(t,s) = (=1)" | ha(n —1,s+1,1) 0 o Ynos(ta, tr)] (22)
hn_g(’n— 1,S+1,’i) 0 yl(tn_g,tl)
hp_1(n—1,s+1,49) 0 1

Consider the lower left entry in the determinant in (22). By (21),
hpa(n—1,s+1,i) = Hn — 2 = )yp-—1)-(n-1)(tn-1, s + L =k + 1).
Fori=1,2,...,n—2, H(n — 2 — 1) = 1, so that by convention
hp1(n—1,s+1,i) =1,

and we have
Asun,i(t; S) - un—l,i(ta s+ ]-)
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If i =n — 1, then
H(j—-1-(n=1))=H(G—-n)=0

for all j € {2,3,...,n — 1}, whence (21) yields
hi(n,s,n—1)=0.

This zeros out the first column in (22), and we have
Agtiy —1(t,8) = 0.

Now consider v, ;(t,s). For i =1,2,...,n — 2 we have by (9), Lemma 6, and the
earlier part of this proof that

Agvni(t,s) = Agun,(t,s)+ (—D)" 'Agyp_1(t,s —k+1)
= Up it s+ 1)+ (=D Dyt (s+ 1) —k+1)
= /Unfl,i(ta S + 1)

When ¢ =n — 1, then

Asvn,nflaa S) = Asun,nfl(ta 3) + (_1)n71Asyn71(tv S — k + 1)
= 0+ (=1)" 2y, o(t,s —k+2)
yn—2(5 —k+n-— 17t)

by (20). O

5 Differences of G,,(t,s) with respect to t and s

Theorem 8 Consider Green’s function G, (t, s : t1,ts, ..., t,) given in (10) as a func-
tion of both t and s. Then, for n > 3, we have

.

sel {yng(s—k—l—n—Z,t) 1t < s—k+n—1

t>s—k+1
Ath<t,S . tly- .. ,tn) =

te’Z
—Gn_l(t,s . tz,tg, e ,tn)
s € [to+k—1,t,+k—1]

\

and

.

te’Z

Gpo1(t,s+1 :ty,... t,
1 ! 1){36 [t1+k, b1 +k—1]

AG(t,s:ty, ... ty) =

0 t<s—k+n—1
s€l,1:
\ Yn—o2(s—k+n—1,t) :t>s—k+1.
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Proof: For s € I, we have by Lemmas 4 and 5 and equation (20) that

Apuni(t,s ity oitn) | yYno(s—k+n—21)
At’l)ml(t,SItl,...,tn) N 0.

For s € I;, we again use Lemmas 4 and 5 to get

Atum(t, S . tl, tg, .. ,tn) . _un—l,i—l(ta S tQ, tg, C. ,tn>
Ay i(t sty ta, ..o ty) —Un—1,i—1(t, 8 1 ta, b3, ... ),

fori=2,3,...,n— 1.
Now fix ¢ and think of G,(t,s : t1,ts,...,t,) as a function of s. Then Lemma 7

yields
Asum(t, S) un—l,i(ta S+ ].)
Un—l,i(t; S+ 1)

fori=1,2,...,n—2, and
Asun,nfl(ta 5) - O
Asvn,n—l(ta S) N yn—2<5 —k+n-— 1, t)
when i =n — 1. O

6 Positivity of the Green’s Function

Lemma 9 Forsel, = [ty + k,to+k—1] and n > 2,

_ <0 : te(—o0,ty)
Gn(t,s.tl,tg,...,tn>{ >0 - te(tl,tn—l—n—l]. C(n)
Proof: Note that by (7), (9), and (10) with n = 2,
, C(t—t L t<s—k+2
Gz(t’s’tl’t2>_{s—k+1—t1 S t>s—k+1, (23)

so that C(2) holds. When n >3 and ¢t € (—o0,s — k + 1),
ANGL(t,8) = ypo(s —k+n—2,1)

by Theorem 8, whence A;G,,(t,s) > 0 for all t € (—o0,s —k+1). Since Gy, (t1,s) =0
by (7ii) of Lemma 1,

<0 : te(—oo,ty)

G"(t’S:tl’tQ“'"tn){ >0 @ te(t,s—k+1)

But as AG,(t,s) =0 for t > s — k + 1 from Theorem 8, we have G, (t,s) > 0 on
[s —k+1,t, +n — 1] as well. Hence C(n) also holds for n > 3. O

Theorem 10 Assume for n > 4 that
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Un,Lj,iJrl(tn +n —1, S +1: ti,tivt, .- - ,tn,1> >0 Hl(n)

forje{2,3,...,n—2}andi=j5—-1,7j—2,...,1, and fors; € [t;+k—1,t;41 +k—1].
Then

<0 : te (—OO,tl)

>0 1 te(ty,ty+n—1] ¢n)

Gn(t,s . t17t27...,tn){

for s € [ty +k,t,+k—1] if n is even, or for s € [t; + k,t,_1 +k —1] if n is odd. For
odd n > 3, the additional assumption

Upp1(tn +n—1)> —1 Hs(n)
yields C'(n) for s € [tp—1 +k — 1, t, + k — 1] as well.

Proof: We proceed by induction on n > 3: For n = 3, we assume H(3) holds, and
consider Gs(t,s : t1,t,t3) for ¢t € [t1,t3+ 2] and s € [ty + k,t3 + k — 1]. Note that by
(23>a

Gg(t,S : tl,tg) <0

on (—oo,t;) and
Gg(t,s : tl,tg) >0

on (ti,tz + 1], with s € [t; + k,to + k — 1]. If s € I}, we have that C(3) holds by
Lemma 9. Next, let s € Iy = [to + k — 1,t3 + k — 1]. We have

AGg(t, S) = —Gg(t, S tg,tg) >0

on (—oo,ts), after using the note above and Theorem 8. Thus, Gs(t,s) > 0 on
(tl,tg + 1] For t € (tg,tg + 1],

AGg(t, S) = —Gg(t, S tz,tg)

implies that AG3(t,s) < 0 on (ta,t3 + 1]. Hence, G3 is decreasing in ¢ on (ta, t3 + 2],
so that if G3(t3 +2,s) > 0, then Gs(t,s) > 0 for all ¢ € (t1,t3 + 2]. Now by Theorem
8,

Ang(tg + 2,8) = yl(s —k + 2,t3 + 2)
= S—k'—t3
< 0,

since s < t3+ k — 1. Consequently, A;G3(t3+2,s) < 0 for all s € I. In other words,
Gg(t3+2,t3+k— 1) S Gg(t3+2,8) (24)
for s € [t +k— 1,3+ k — 1]. Yet

Gs(ts +2,t3+k—1) = usa(ts +2) +ya(ts + 2,t3)
= U372(t3 -+ 2) + 1
> 0,

as uso(t3+2) > —1 by Ha(3). Therefore Gs(t,s) > 0 on (t1,t3+2] for s € [t1+k,t3+
k—1].
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Now assume that Hy(n — 1) and Hy(n — 1) (if necessary) imply that C(n — 1)
holds for s € [t; + k,t,—1 + k — 1]. We will show that Hy(n) and Ha(n) (if n odd)
yield C'(n) for s € [ty + k,t,, + k — 1]. Hence, suppose Hy(n) is true.

Case (1): For s € I;, Lemma 9 gives C'(n).
Case (2): Let s € I,. We have from Theorem 8 that

NGty sty ta, . ty) = —Gu1(t, s ta, ts, ..., Ty).
By Lemma 9 then,

' >0 : te(—o0,ty)
Ath(t’S.tl,tQ,.--gtn>{ <0 . te(t27tn+n_2].
Again, since G, (t1,s) =0,

<0 : te(—o0,ty)

Gn(t73:t17t2""7tn){ >O : tE(t17t2+1]

For t € (ta,t, +n — 1], G,(t,s) is decreasing in ¢, so if G, (t, +n — 1,s) > 0 for
all s € Iy, then G,(t,s) > 0 for all t € (¢;,t, +n — 1] and s € [,. Thinking of
Gu(t,+n—1,s:t,ts,...,t,) as a function of s, Theorem 8 gives that

AG(tp+n—1,5:1,...,t,) = Gua(tp+n—1,s+1:t1,...,t, 1)
= Up12(tn+n—1,s+1:t,...,t,-1)
> 0

by Hy(n) with j = 2 and i = 1. Therefore G,,(t, +n — 1, s) is increasing in s; in other
words,
Gn(tn +n— 1,t2 + k — 1) S Gn(tas)

for all ¢t € (ta,t, +n — 1] and s € I,. But by Lemma 9,
Gultu+n—1,ts+k—1) > 0.

Thus
Gn(t,s) >0 (25)

on (ty,t,+n—1]for s € [ta+k— 1,3+ k —1].

Case (j): Let s; € [; = [t; +k — 1t + k—1], j € {3,4,...,n —2}. As before we
use Theorem 8 to get

Ath(t, S tl, tQ, .. 7tn) = _Gn—l(ty s+1: tg,tg, ce 7tn) (26)
Recall by the induction hypothesis that C'(n — 1), or

<0 : te(—oo,t)

Gnl(tas:t]_)tZ)-"’tnl){ >0 : tE(tl,tn—1+n_2]

follows if Hy(n — 1), or

Up—t1—ijoit1(tno1 +n—1—d,8;+ 1t tipr, ... ty_2) >0
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holds for j € {2,3,...,n =3}, i = j—1,7—2,...,1, and s; € I;. Consider the
hypothesis Hi(n); either i = 1 and

Un—l,j(tn +n— 1,Sj +1: t1,to, ... 7tn—1) >0
for j €{2,3,...,n—2} and s; € I;, or
Un—i,j—i—i—l(tn +n—1, S; +1: ti, tiv1, - - - atn—l) >0 (27)

for j € {3,4,....n =2}, i=3j—1,7—2,...,2,and s; € [;. Let j — J+ 1 and
i — I+1in (27); then

Up1—1g-141(tnr +n =1 =1, s;1 + 1t tige, .o tye1) >0 (28)

for J€{2,3,....,.n =3} I=J—-1,J—2,...,1, and s;;; € ;1. By the induction
hypothesis, (28) implies that

>0 : te (—OO,tQ)

_G”—l(t’SJH:t2’t3"“’t"){ <0 : te(tayty+n—2

for sjiq € [ty +hk—1,t500+k—1], J €{2,3,...,n—3}. Replacing J+ 1 by j, we
see that
>0 : te(—oo,ty)

<0 : te(ty,t,+n—2] (29)

—Gn_1<t, Sj ¢ tQ, t3, ce 7tn> {
for s; € I, and j € {3,4,...,n — 2}. Consequently,

>0 : te(—oo,ts)

Ath(t,Sjltth,...,tn){ <0 - tE(tQ tn—i—n—2]

by (26) and (29). As G,(t1,s;) =0, G,(t,s;) > 0 for t € (t1,t2+ 1] and s; € I;. For
t € (ta,t, +n—2] and s; € 1,

Ath(t,Sj) <0
implies that G,, is decreasing in t, so if
Gp(t,+n—1,s;) >0,

then
Gn(t, Sj) >0

for all ¢ € (t1,t, +n — 2] and s; € I;. By Theorem 8,

Ay, Gutn+n—1,5;) = Gualth+n—1,8+1:t1,...,th 1)
= Un_Lj(tn—l-n—l,Sj—Fl2t1,...,tn_1)
> 0

for j =3,4,...,n—2 by Hy(n), with i = 1. Therefore G,,(t, + n—1,s;) is increasing
in s;; in other words,

Goltn+n—1t;+k—1) <Gty +n—1,s;) (30)
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for all s; € [t; +k—1,t; 11 +k —1], for j = 3,4,...,n — 2. Considering (25), we
established in particular that

Gulty+n—1,t5+k—1) > 0. (31)

Hence
Gn(tn+n—1,s3) >0

for all s3 € [t3 +k — 1,4 + k — 1] by (30) and (31). Again, we specifically have by
(30) that
0<Gultn+n—1ti+k—1) <Gty +n—1,84)

for all s4 € [t4 +k — 1,t5 + k — 1], and so on. Finally, we have that
0<Gultn+n—1,t, o+k—1)<Gu(t,+n—1,s,2)
for all s € [t,—o+k —1,t,—1 + k — 1]. Altogether then,

<0 : te(—oo,t)
>0 : te(t,t,+n—1]

Gn(t,S . tl,tQ, c. ,tn) {
for s € [ts+k —1,t,_1 + k — 1], for n both even and odd.
Case (n—1): Let s € [t,—1 +k —1,t, + k —1].

(1) Assume n is even. When s =t,, 1 + k — 1, we have

Gn(t,tn_l + k- 1) = Un,n_l(t) <0

on (—oo,t;), and

N T () t<th1+n-—1
0<Gu(t,ityr+k—1)= { Upn1(t) = Y1 (ttn 1) = > tp g

for all t € (t1,t, +n — 1] by (32). The function w,,—1(t) is independent of s, so
actually

u 1(t){<0 Dt <ty

e >0 : te(ty,tyr+n—1)

for all s € I,,_1. Moreover,

Upn—1(t) = Yn-1(t,tn—1) >0 (33)
for all t € [t,,—1,t, +n — 1] means that

Unn—1(t) > Yn-1(t,tn—1) >0
for all t € [t,—1,t, +n — 1] by the definition of y,,_1(¢,s) in (4). Consequently,

<0 : t<ty
1 (t) { >0 @ te(t,ty+n—1] (34)
foralls € I,,_;. Forafixed s € [t,,_1+k—1,t,+k—1] and afixed t € [s—k+1,t,+n—1],

Gn(t,s) = upp-1(t) —yn—1(t,s —k+1)
un,n—l(t) - yn—l(ta tn—l)

IV
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because
tZS_k+12tn_1

Thus, G,(t,s) > 0 by (33). Since ¢, s were arbitrary,
Gn(t,s) >0 (35)
for t € (t1,t, +n — 1] and s € I,,_1, so that C'(n) follows from (34) and (35).
(77) Assume n is odd. Again using Theorem 8, we have
AG(t, sp1 1t ta, . ty) = —Guo1(t, Sp_1 : ta, ts, ..., ty)
for s,—1 € In_y = [tn—1 + k—1,t, + k — 1]. But C(n — 1), that is

<0 : te(—o0,ty),
>0 : te(ty,thr+n—2],

Gu1(t,Sp_o : t1,to, ..., th_1) {
holds when s,,_5 € I,,_o by the earlier part of the theorem if
Upn—an-3(tn—1+n —2,8,3+1:t1,t0,... t,—2) >0,
which is Hy(n — 1) with i = 1 and j = n — 3. Thus,

<0 : te(—oo,ts),
>0 ¢ t€ (taytn+n—2]

anl(t, Spn—1 - tg,tg, RN ,tn) {
holds when s,_; € I,,_1 if
Un—2,n—3<tn +n— 27 Sp—2 + L: t27t37 s 7tn—1) > 07
which is Hi(n) with i = 2 and j = n — 2. Because Hi(n) with i =2 and j =n — 2

holds, we have

>0 : te(—oo,ty),
AiGn(t, s) { <0 : te(to,tn+n—2. (36)

Both G,,(t1,s) = 0 and (36) imply that

<0 : te(—o0t),
Gn(t78){ >0 ¢ te(t,ta+1],

and that G,(t,s) is decreasing in ¢ over (ty,t, +n — 1] for s € I, ;. Hence, if

Gn(t, +n —1,5) > 0, then G,(t,s) > 0 for all t € (t1,t, + n— 1] and s € I,,_5.
Considering G, (t, s) as a function of s with ¢t = t,, + n — 1, we have by Theorem 8
that

AG(th+n—1,5) = ypols—k+n—1,t,+n—1)

= yn—?(s - kvtn)
1 e
- (n—2)!(s_k_t”)( ”

< 0
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since s < t, + k— 1 and n is odd. Therefore, G, (t, +n — 1, s) is decreasing in s, and
Gn(ty,+n—1,t,+k—1) < G,(t,s)
for all t € (t3,t, +n — 1] and for all s € [t, 1 +k — 1,¢, + k — 1]. But

Gptn+n—1t,+k—1) = uppa(tn+n—1)+yp1(tn+n—1,1,)
= Upp1(tn+n—1)+1
> 0

since Hs(n) holds for odd n. O

The following corollaries demonstrate that hypotheses Hy(n) and Hy(n)—when n
is odd—are really conditions on the distances between various boundary points. Diaz
2] established the results for n = 3 and n = 4; here we employ a different method of
proof that reduces the number of assumptions needed in [2] for the n = 4 case.

Corollary 11 If
to —t; > t3 —to + 1, (37)
then

<0 : te(—o0,ty)

G3(t,3:t1,t2,t3){ >0 - tG(tl t3+2]

fors e[ty + k,ts+k —1].

Proof: By Theorem 10, C(3) follows if Hs(3), that is us(t3 +2) > —1, holds. Note
that
uzo(t) = yi(t,t)yi(te, t1) — y2(t, th)
1
= 5(z&—tl)(2t2—tl—15+1) (38)
using (7) and (4). So, usa(t) is a concave-down parabola with zeros at ¢ = ¢; and

t =2ty —t1 + 1. Thus, if t3+ 2 < 2ty — t; + 1, then ugs(t3 + 2) > 0; but this follows
from (37). Hence, we have C(3). O

Corollary 12 [If
to —t; >ty —to + 2, (39)

then

<0 : te(—o0,ty)

G4(t,s:t1,t2,t37t4){ >0 : te(ty,ts+ 3]

fors e[t +k,ta+k—1].
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Proof: Again by Theorem 10, C'(4) follows if H;(4), that is
’U372(t4 + 3, s+ 1: tl’tQ,tg) > O,
holds for s € [ty +k —1,t3 +k — 1]. Thus, let s € I;. Then

vga(ts + 3,8+ 1 :ty,t0,t3) = usa(ts+3,s+1)+ya(ta+3,s—k+2)
= ugo(ta+3) +y2(tsa +1,5 — k), (40)

as Up,—1 is independent of s by Lemma 7. Using (38) we have
U372<t4 -+ 3) Z 0 (41)
if t4 +3 < 2ty — t; + 1, which holds by assumption (39). Since
yo(ta+1,s — k) > yata+1,t3—1)
1
= —(t4 — i3+ 2)(t4 — i3+ 1)

2
> 0
for s € [t + k — 1,13+ k — 1], H;(4) holds by (40) and (41). O
Corollary 13 If
ty —t1 > t5 — s+ 3, (42)
ty —ty > ts —t5 12, (43)
and
Yi(ts +4,t1) yalts +4,t1) ys(ts +4,t1) yalts +4,t)
1 y1(ta, t1) Ya(ta, t1) ys(ta, t1)
> —1, 44
0 1 y1(ts, t1) Ya(ts, t1) (44)
0 0 1 y1(ts, 1)
then
_ <0 : te(—o0,ty)
G5(t,$.t1,...,t5){ >0 - te(tl,t5+4] 0(5)
for s € [ty + k,ts + k — 1].
Proof: Once more by Theorem 10, C(5) follows if Hy(5), that is
U472(t5 + 4, So+1: t1, 19, t3, t4> >0 (45)
for So € [tz—l-k—l,tg—{—k—l],
U372(t5 -+ 3, S3 + 1: tg,tg,t4) >0 (46)
and
U4’3(t5 + 4, S3 + 1: tl,tg, tg, t4> >0 (47)

for s3 € [ts +k — 1,4+ k — 1], and Ho(5) (since n = 5 is odd), that is

usats +4) > —1, (48)
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hold. To show that (45) and (47) hold, note that
1)4,2‘(155 + 4, S; + 1: tl,tQ, tg, t4> = G4(t, S; + 1)

for i = 2,3. By Corollary 12, G4(t,s) > 0 for t € (t1,t4+3] and s € [t; + k,ta+k — 1]
if
ty +3 < 2t — 1, + 1.

In the same way, G4(t,s) > 0 for t € (t1,t5 + 4] and s € [ty + k, t4 + k — 1] if
ts +4 < 2ty — ¢ + 1,

which can be rewritten as (42). Hence,
Gy(ts +4,8;,+1) >0

for s; € [ti+k—1,t;41 + k— 1] with ¢ € {2,3}, so that (45) and (47) are established.
Similarly,

U3,2(t5 —+ 3, S3 + 1: tg,tg, t4) = Gg(tg) + 3, S3 + 1: tz,tg,t4).

We have from Corollary 11 that Gs(t,s : t1,ta,t3) > 0 for t € (t1,t3+ 2] and s €
[ty + k,t3 + k — 1] as long as

ty —t; > t3 — by + 1.

With shifted boundary points, this implies that Gs(t, s : to,t3,t4) > 0 for t € (t9, t4+2]
and s € [ty + k,t4 + k — 1] as long as

i3 — 1o > 14 — 13+ 1,

in other words

ty —ty > (ty+2) — b5 — 1.
Thus, if we extend the righthand endpoint of the t interval from t4 + 2 to t5 + 3, we
have G3(t,s : ta, t3,t4) > 0 for t € (to,t5+ 3] and s € [ty + k,t4 + k — 1] if

ts—ty > (ts+3) —ts — 1,
which is (43). In particular,
Gs(ts + 3,83+ 1 :tg,t3,t4) >0
for s3 € [t3 + k,tqs + k — 1], and (46) follows. Lastly, notice that

0 wyits +4,t1) wolts +4,t1) ys(ts +4,t1) walts +4,11)
0 1 y1(ta, t1) Yo(ta, t1) ys(ta, t1)
usa(ts +4) = |0 0 1 y1(ts, t1) Yo(ts, t1)
0 0 0 1 Y1 (ta, 1)
1 0 0 0 1
yi(ts +4,t1) walts +4,t1) ys(ts +4,61) yalts +4,t1)
_ 1 y1(ta, t1) Yo (ta, t1) ys3(ta, t1)
0 1 Y1 (ts, t1) Ya(ts, 1)
0 0 1 Y1 (ta, 1)
> —1
by(44), so that (48) is satisfied. O
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